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Abstract
We show that if a solution to the water wave equation, for an arbitrary short time
interval, is flat on an open set and the horizontal fluid velocity at the surface is zero on
the same open set, then the wave must vanish everywhere for all times. In addition, we
use a result from non-harmonic Fourier analysis to show that (1+1d) linear dispersive
PDE with Fourier multipliers also has this unique continuation property, subject to a
natural asymptotic growth condition on the multiplier symbol.

Keywords Water waves · PDE · Dispersive PDE · Unique continuation

Mathematics Subject Classification 76B15 · 35R11 · 35A02 · 35L05

1 Introduction

In this brief article, we provide a self-contained and simple proof of a unique con-
tinuation property of the water wave equations based on the Zakharov–Craig–Sulem
formulation. The result says that if the water surface is flat and the horizontal velocity
is zero on an open set for an arbitrary short time, then it must be flat everywhere and
for all time. The proof that water waves have this property seems to have appeared first
in [1]. This work, therefore, serves as an addendum to that result but differs in that the
result is obtained from the unique continuation property of the Dirichlet-to-Neumann
(DN) operator.

Moreover, we consider the Cauchy problem for linear, periodic, and dispersive
multiplier equations ut = −iω(D)u, and show that their solutions have the unique
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922 A. Kirkeby

continuation property under the assumption that

|ω(k)|
|k| → ∞ as |k| → ∞.

The proofs for the water wave system and the dispersive multiplier equations are
quite different in nature. Forwaterwaves, the rigidity imposed on thewaves by the exis-
tence of a harmonic potential governing the flow in the interior of the water gives rise
to the property. In the Zakharov–Craig–Sulem formulation of the PDE, this manifests
itself by the introduction of the non-local DN operator. For the linear multiplier equa-
tions, the asymptotic condition on the dispersion relation(i.e., the multiplier) implies
that the phase speed |c(k)| = |ω(k)|/|k| is unbounded, and this is not limited to
non-local operators (e.g., it is true for ω(D) = D2

x ). The condition implies that for a
compactly supported initial condition, theremust beFouriermodes traveling arbitrarily
fast, in contrast to the behavior of hyperbolic (non-dispersive) waves.

There aremanyworks on unique continuation for dispersive PDE. In [2], the authors
study unique continuation for a class of non-linear, non-local dispersive PDEs and the
effect of non-locality is central. In [3], unique continuation for traveling waves with
vorticity is considered, and in [4] unique continuation for the KdV-equation is shown.
For a recent overview of unique continuation results for non-linear dispersive PDE,
we refer to the paper [5] and references therein.

Unique continuation results are often useful in control theory and inverse problems,
where they are used to establish local observability of systems or, equivalently, local
uniqueness from measurements (cf. [6] or [7]).

In Section 1, we give a brief introduction to the water wave equations and the
Craig–Sulem–Zakharov formulation and state well-posedness result. We then show
the unique continuation for theDNoperator and for thewaterwave equation. In Section
2, we introduce a multi-dimensional version of Beurling’s theorem for non-harmonic
Fourier series and apply it to the dispersive multiplier equation.

2 The water wave equation

We assume the water is an incompressible and irrotational fluid and let η(X , t) be the
surface wave amplitude and �(X , z, t) the velocity potential of the fluid. We denote
the domain occupied by the fluid by �t :

�t =
{
(X , z) ∈ Rd+1 : −H0 + b(X) < z < η(X , t)

}
.

Here, H0 is the average depth, b(X) represents the variable bottom topography, the
horizontal dimension is d = 1, 2, and we assume −H0 + b(X) < 0. For d = 2,
we will use the notation X = (x1, x2), ∇ = (∂x1 , ∂x2)

T , ∇X ,z = (∂x1, ∂x2 , ∂z)
T and

�X ,z = ∇X ,z · ∇X ,z . Also, ∂ν = ν · ∇X ,z , where ν is the unit normal on the bottom
surface −H0 + b(X). The equations governing the water waves are (cf. Ch. 5 in [8]).
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Unique continuation for water... 923

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂tη + ∇� · ∇η − ∂z� = 0, X ∈ Rd , z = η,

∂t� + 1
2 |∇X ,z�|2 + gη = 0, X ∈ Rd , z = η,

�X ,z� = 0, (X , z) ∈ �t ,

∂ν� = 0, X ∈ Rd , z = −H0 + b(X).

(1)

It is convenient to recast the free boundary problem above in terms of the velocity
potential on the boundary. This transforms (1) from a 2D+3D system to a 2D+2D
system, at the cost of introducing the non-local DN operator, and is known as the
Zakharov–Craig–Sulem formulation (cf. [9]).

⎧⎪⎨
⎪⎩

∂tη − G(η, b)ϕ = 0,

∂ϕ + ηg + 1
2 |∇ϕ|2 − (G(η,b)ϕ+∇ϕ·∇η)2

2(1+|∇η|2) = 0,

(η(0, X), ϕ(0, X)) = (η0, ϕ0) .

(2)

In (2), the DN operator G(η, b) maps the surface potential ϕ to the fluid velocity in
the direction normal to the surface. It is defined as follows: Let � be the solution to
the Dirichlet problem

�� = 0, in �t , �
∣∣
z=η

= ϕ, ∂ν�
∣∣−H0+b(X)

= 0. (3)

Then G(η, b)ϕ = √
1 + |∇η|2∂ν�

∣∣
z=η

.

Remarkably, and despite its formidable appearance, it has been shown that a unique
solution exists (locally in time) to the Cauchy problem for water waves under various
assumptions. For an account of different contributions to this equation, see, e.g., [9]
or [10]. We rely here on the existence and uniqueness result from [10], and give now
a brief recapitulation of the theory.

• The incompressible Euler equation, from which (1) is derived is

∂t V + (V · ∇X ,z)V + 1

ρ0
∇X ,z P = −gez, ∇X ,z · V = 0,

where V is the fluid velocity, P is the pressure, ρ0 is the mass density and g
is gravitational acceleration. Define a(X , t) = −∂z P(X , η(X , t), t). The Taylor
sign condition is that there exists some constant c > 0 such that a(X , t) ≥ c, and
is required for stability of the waves.

• The water depth is postive: η(X , t) − (−H0 + b(X)) ≥ h > 0.
• Define

B(η, ϕ) = ∇η · ∇ϕ − G(η, b)ϕ

1 + |∇η|2 and V (η, ϕ) = ∇ϕ − B(η, ϕ)∇ϕ.
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924 A. Kirkeby

Theorem 1 [Thm. 1.2, [10]] Assume s > 1+ d/2, and take initial data (η0, ϕ0) such
that

• η0, ϕ0 ∈ Hs+1/2(Rd) and V (η0, ϕ0), B(η0, ϕ0) ∈ Hs(Rd).

• There is some h > 0 such that at t = 0 it holds that

{(X , z) : X ∈ Rd , η(X , t) − h < z < η(X , t)} ⊂ �t .

This means the water depth is positive everywhere initially.
• There is some c > 0 such that a(X , 0) > c, i.e., the Taylor condition holds initially.

Then there is some T > 0 such that there exists a unique solution (η, ϕ) to equation
(2) that satisfy

(η, ϕ) ∈ C([0, T ]; Hs+1/2(Rd) × Hs+1/2(Rd)).

2.1 Unique continuation for the Dirichlet-to-Neumann operator

Unique continuation results for non-local operators have recently been studied in
connection with the fractional Laplacian (−�)s and related equations and are known
to hold in various settings [11, 12]. In fact, for the case of infinite depth and flat
surface, the DN operator is equal to the fractional Laplacian with s = 1/2: Recall that
(−�)su = F−1

(|ξ |2sFu
)
, whereF denotes the Fourier transform. By taking �̂(ξ, z)

to be the Fourier transform of � in the horizontal direction, it is straightforward to
show that Ĝϕ = ∂z�̂(ξ, z)|z=0 = |ξ |ϕ̂. In ( [13], Thm. 1.2) it is shown that for any
s ∈ (0, 1) and u ∈ Hr (Rd), r ∈ R, if (−�)su = u = 0 on an open set, then u = 0.
For s = 1/2, this is the result we are looking for but restricted to infinite depth and
flat surface.

We now show that if the boundary η and bottom b(X) is sufficiently regular, and
if O is some open set where η = 0, then it holds that if �|O = ∂ν�O = 0, then
� = 0 everywhere. This property is well known on bounded domains, and a proof is
outlined in [1]. We provide simple proof tailored for our use here.

Proposition 2 Let k > d/2 and η, b ∈ Hk+1(Rd). Assume ϕ ∈ H3/2(Rd), and let
G(η, b) be the corresponding Dirichlet-to-Neumann operator. LetO ⊂ Rd be an open
set, and assume η|O = 0. Then

ϕ|O = G(η, b)ϕ
∣∣O = 0 implies ϕ = 0.

Proof We first recall some results on harmonic functions.

• Let � be an open set in Rd and assume u satisfies
∫
�
u�gdx for all g ∈ C∞

0 (�).

Then u has a harmonic representation in � (Ch. 2.18 in [14]).
• Let � be a bounded domain with Lipschitz boundary ∂� in Rd , and let ω be an
open subset of ∂�. If u ∈ H2(�) is harmonic and u = ∂νu = 0 on ω, then u = 0
in � (Ch. 2.3 in [15]).
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Unique continuation for water... 925

• Let � be an open set in Rd and assume u is harmonic in �. Let O be an open
subset of �. If u = 0 in O then u = 0.

Consider the problem of velocity potential now.

⎧⎪⎨
⎪⎩

�X ,z� = 0, in �t ,

� = ϕ, on η,

∂ν� = 0, on − H0 + b(X).

(4)

From proposition 2.44 in [9], we know that for k > d/2 and η, b ∈ Hk+1(Rd) and
ϕ ∈ H3/2(Rd) there exist a unique solution � ∈ H2(�t ) to (4), and by i) above � is
harmonic in �t .

Now, letO ⊂ Rd be open, and assume η|O = 0. ThenG(b, η)ϕ
∣∣O = ∂z�|X∈O,z=0.

Let Br be a ball of radius r such that its intersection with η is contained inO and that
Bt = Br ∪ Ot is open. By assumption ϕ|O = G(b, η)ϕ

∣∣O = 0. Since � is harmonic
in the domain Bt and since ∂Bt is Lipschitz, it follows that� = ∂ν� = 0 on ∂Bt ∪O,
and so � = 0 in Bt . By the third property, this implies that � vanishes everywhere,
and so ϕ = �

∣∣
z=η

= 0.
	


2.2 Unique continuation for water waves

The unique continuation for water waves is now a simple consequence of applying
Proposition 2 to (2).

Definition 1 We say that the water waves system (η, ϕ) is at rest on an open set
O ⊂ Rd at time t if

(η(X , t),∇Xϕ(X , t)) = 0 for X ∈ O.

Proposition 3 Let (η, ϕ) be the solution to the initial value problem (2) satisfying the
hypothesis of Theorem 1. Let O ⊂ Rd be an open set and assume (η, ϕ) is at rest on
O for some arbitrary time interval I = (t0, t1) ⊂ [0, T ]. Then (η, ϕ) = 0.

Proof Take Qε = Bε × Iε ⊂ O × I to be a space-time cylinder contained in O × I .
Then ∂tη|Qε = 0, and so G(b, η)ϕ

∣∣
Qε

= 0 by equation 1 in (2). Moreover, by the
assumption that ∇Xϕ = 0 and equation 2 in (2), we see that ϕ must be constant on
Qε . It follows now that � is constant: when � is harmonic and constant (� = C)

on some open set, the difference � − C is zero on the open set and hence vanishes
everywhere, and so � = C . Therefore, by proposition 2, � = C for some constant C .
But this implies ϕ = C , and since ϕ ∈ Hs+1/2(Rd), ϕ = 0. Consequently, η is also
constant, and by the same argument η = 0. 	


As a corollary, we also get the following result.

Proposition 4 Let O ⊂ Rd be an open set and assume at some instant t1 ∈ [0, T ]
(η, ϕ) is at rest on O and that in addition ∂tη(t1, X)|O = 0. Then (η, ϕ) = 0.

123



926 A. Kirkeby

The above result seems both strange and plausible. It is the consequence of the assump-
tion that the fluid is governed by a potential flow. Although this is widely known to be
a reasonable assumption when considering water waves, these results are, of course,
not true in reality. They might, however, be approximately true; for example, it seems
plausible that for a fully developed and chaoticwave field, like the ocean during a storm
or a pool full of kids playing around, it would be very unlikely to find a small patch
of the surface completely at rest. In a sense, this is the intuition for incompressibility;
if one part of a fluid moves, then the rest has to move, too.

3 Unique continuation for linear dispersive equations

We now consider linear dispersive PDE in one spatial dimension with periodic bound-
ary conditions. In this setting, we can derive unique continuation results directly from
the dispersion relation. For a continuous functionω(k) : R → Rwedefine the periodic
Fourier multiplier

ω(D)u(x) =
∑
k∈Z

ω(k)ûke
ikx ,

where ûk are the Fourier coefficients of u. For a given ω, we consider the PDE

{
ut = −iω(D)u, x ∈ (0, 2π), t > 0,

u(x, 0) = g(x), u(0, t) = u(2π, t).
(5)

We assume that there exists some m > 0 such that for

|dnk ω(k)| ≤ Cn(1 + k2)(m−n)/2 for all k ∈ R.

Then, for initial data g ∈ L2(0, 2π) the unique solution to (5) is

u(x, t) =
∑
k∈Z

ĝke
i(kx−ω(k)t). (6)

See, e.g., [16] for an introduction and well-posedness analysis of such equations. The
Eq. (5) is called dispersive if ω(k) is real valued and ω′′(k) 
= 0 (cf. Ch. 2, [8]). For
example,ω(k) = k2 corresponds to the free-space Schrödinger equation,ω(k) = −k3

to the linearized KdV equation and ω(k) = √
(gk + Sk3) tanh(kH) to linear gravity-

capillary waves in water of depth H . In the two first instances, ω is a local operator,
while for the gravity-capillary waves, it is non-local.

Also, (5) is related to the second-order wave equation

(∂2t − ω2(D))u = 0, ω2(D)u(x) = −
∑
k∈Z

ω(k)2ûke
ikx
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Unique continuation for water... 927

and the result in Proposition 5 applies equally well to such equations under the
appropriate circumstances.

The following proposition shows that solutions to (5) have the unique continuation
property under rather mild and natural assumptions on the dispersion relation.

Proposition 5 Assume that ω(k) is dispersive and satisfies

|ω(k)|
|k| → ∞ as |k| → ∞.

Let u be the solution to (5), and let O ⊂ (0, 2π) × {t ∈ R : t > 0} be an open set.
Then

u(x, t)|O = 0 implies u = 0.

To prove the above result, we will rely on amulti-dimensional version of Beurling’s
theorem for non-harmonic Fourier series (cf. [17] for an introduction to non-harmonic
Fourier series, and [18] for an introduction to Beurling’s result.). We first introduce
some terminology.

• Let � = {λm}m∈I ⊂ R
n be a countable set of points.

• The set � is said to regular if

inf
m,n∈I
m 
=n

|λm − λn| = γ > 0.

• Let {am} ∈ �2 and define the function

f (x) =
∑
m∈I

ame
iλm ·x .

We then say that a domain D ⊂ R
n is a domain associated with f if there exists

constant 0 < d− ≤ d+ such that

d−
∑
m∈I

|am |2 ≤
∫

D
| f (x)|2dx ≤ d+

∑
m∈I

|am |2.

Clearly, if we can show that any bounded open setO ⊂ R
n is a domain associated

with such f , thenwe have shown the unique continuation property. To this end, wewill
utilize the following multidimensional version of Beurling’s theorem, characterizing
such domains based on �.

Theorem 6 (Theorem 8.4.5, [19]) Let � be a regular sequence and Br (x) be a ball
with radius r centered at x. Define

N (r) = sup
|x |→∞

#(� ∩ Br (x)),
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928 A. Kirkeby

where #(� ∩ Br (x)) is the number of elements in the set (� ∩ Br (x)). If

N (r)/r → 0 as r → ∞,

then any open set D ⊂ R
n is a domain associated with �.

We can now prove Proposition 5.

Proof Let � = {λk}k∈Z with λk = (k, ω(k)). Then

u(x, t) =
∑
k∈Z

ĝke
iλk ·(x,−t).

Since

inf
m,n∈Z
m 
=n

|(m, ω(m)) − (n, ω(n))| ≥ 1,

the set � is regular. We define �+ = �k≥0 and �− = � \ �+, and the functions

Ñ±(|x |, r) = sup
|y|=|x |

#(�± ∩ Br (y))

r
.

Next, consider the annulus A(|x |, r) = {y ∈ R
2 : |x | − r ≤ |y| ≤ |x | + r}. For any

fixed |x | and r , it is clear that

Ñ+(|x |, r) ≤ #(�+ ∩ A(|x |, r))
r

.

Assume now that ω(k) > 0 for k > 0. Let (k−, ω(k−)) and (k+, ω(k+)) be the coor-
dinates of intersection with the inner and outer boundaries of A(|x |, r), respectively.
We then have that #(�+ ∩A(|x |, r)) ≤ 1+ (k+ − k−). For k large enough, ω(k) > k,
and the difference ω(k+) − ω(k−) is less than the length D of the longest vertical
line segment contained in A(|x |, r) ∩ {(y1, y2) ∈ R

2 : y1 ≥ 0, y2 ≥ y1}, i.e., in the
intersection of the annulus and the points above the line y = k. Figure1 depicts the
setting. The vertical distance between the inner and outer boundary of A is

d(k) =
√

(|x | + r)2 − k2 −
√

(|x | − r)2 − k2

and since d ′(k) ≥ 0, we find that D =
√

(|x | + r)2 − (|x |−r)2
2 −

√
(|x |−r)2

2 .
Further calculation then shows that D is an increasing function of |x | and that

lim|x |→∞ D = √
8r . By the mean value theorem, there is some k̃ ∈ (k−, k+) such

that

k+ − k− = ω(k+) − ω(k−)

ω′(k̃)
≤

√
8r

ω′(k̃)
.
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Unique continuation for water... 929

Fig. 1 Sketch of the geometry and quantities involved in the application of Beurling’s theorem

For each r we therefore have

Ñ+(|x |, r) ≤ 1/r +
√
8

ω′(k̃)
.

The value k− must be an increasing function of |x |, and since k̃ ≥ k−, we have
ω′(k̃) → ∞ as |x | → ∞. Consequently

lim|x |→∞ Ñ+(|x |, r) = 1/r .

We now calculate limr→∞ Ñ+(|x |, r). Let R(|x |, r) be a square in the first quadrant
with its lower left corner at the origin and side length |x | + r . For fixed |x | large
enough, we have that

Ñ+(|x |, r) ≤ #(�+ ∩ R(|x |, r)) ≤ ω−1(|x | + r).

Since ω is superlinear, ω−1 is sublinear. Therefore

lim
r→∞ Ñ+(|x |, r) ≤ lim

r→∞
ω−1(|x | + r)

r
= 0.
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930 A. Kirkeby

We now have that

lim|x |→∞ lim
r→∞ Ñ+(|x |, r) = 0,

lim
r→∞ lim|x |→∞ Ñ+(|x |, r) = 0.

(7)

By the same argument, (7) also holds for Ñ−. We now have that

lim
r→∞ N (r)/r ≤ lim

(r ,|x |)→∞(Ñ−(|x |, r) + Ñ−(|x |, r)),

and due to (7), we can conclude that

lim
(r ,|x |)→∞(Ñ−(|x |, r) + Ñ−(|x |, r)) = lim|x |→∞ lim

r→∞(Ñ−(|x |, r) + Ñ−(|x |, r))
= lim

r→∞ lim|x |→∞(Ñ−(|x |, r) + Ñ−(|x |, r))
= 0

Hence the requirements of Theorem 6 are satisfied, and we can conclude that any
open set O ⊂ (0, 2π) × {t ∈ R : t > 0} is a domain associated with �. Therefore, if
u(x, t)|O = 0, there is some d− > 0 such that

0 =
∫

O
|u(x, t)|2dxdt ≥ d−

∑
k∈Z

|gk |2 = d−‖u(·, t)‖L2 .

	

We end by observing that the examples mentioned (Schrödinger, linear KdV and

gravity-capillary waves) enjoy this unique continuation property, as their dispersion
relations all satisfy the asymptotic constraint in Proposition 5.However, for the gravity-
capillary waves, the inclusion of the surface tension, manifested by the term Sk3, is
needed for the asymptotic constraint to hold, in contrast to the proof for the full water
waves system.
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