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Abstract

We consider the reconstruction of a compactly supported source term in the
constant-coefficient Helmholtz equation in R?, from the measurement of the
outgoing solution at a source-enclosing sphere. The measurement is taken
at a finite number of frequencies. We explicitly characterize certain finite-
dimensional spaces of sources that can be stably reconstructed from such mea-
surements. The characterization involves only the measurement frequencies
and the problem geometry parameters. We derive a singular value decompo-
sition of the measurement operator, and prove a lower bound for the spectral
bandwidth of this operator. By relating the singular value decomposition and
the eigenvalue problem for the Dirichlet—Laplacian on the source support, we
devise a fast and stable numerical method for the source reconstruction. We do
numerical experiments to validate the stability and efficiency of the numerical
method.

Keywords: inverse source problem, Helmholtz equation, singular value
decomposition, inverse problems, partial differential equations

(Some figures may appear in colour only in the online journal)

1. Introduction

Assume R > Ry > 0 and let By, B C R® be concentric open balls centered at the origin and of
radius Ry and R, respectively. Let s € L?(By), and fix a positive frequency (wavenumber) k. Let
u; be the unique outgoing solution of the Helmholtz equation in R? with the inhomogeneous

term s:

3 Author to whom any correspondence should be addressed.
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(A + K)uy = s in R?,
|x1\ggo [x|(0y — ikux = 0 uniformly forx/|x| € . M
We have
() = /B Gix = y)s(y)dy, xR, 2
0
where G; is the outgoing fundamental solution of the Helmholtz equation in R3,
Gi(x) = w, x € RO\{0}. ©)

The forward operator, or measurement operator, F associated with the frequency k maps the
source to the measurement, Fys = u| o8 = Uk. The mapping Fy: L*(By) — L*(OB) is linear and
compact [1]. We call the trace Uy the ‘measurement at frequency k’. The inverse source problem
(ISP) associated with (1) is as follows.

Given the measurements {U;, = uk/.| op) over a set of frequencies Q = {k;},
estimate the source term s in (1).

The multi-frequency ISP arises when the set Q has more than one element.

The ISP for the Helmholtz equation in R* appears, for example, in inverse acoustic scatter-
ing and linearized acoustic inverse obstacle and inverse medium problems. Physical applica-
tions of this include the design of sound sources with specified radiation patterns, submarine
detection by sonar, reconstruction of seismic event history, nondestructive testing of materials,
ocean bottom exploration for oil and gas, as well as medical imaging, for example in the form of
photo- and thermoacoustic tomography. There is a vast mathematical, physical and engineering
literature devoted to the study of the ISP and its applications; see, for instance, [2—8]. Unique-
ness, stability and inversion methods for the (multi-frequency) ISP were treated, for example,
in [1, 9-20]. The purpose of this work is to investigate the stability of the single-frequency and
multi-frequency inverse source problem for the Helmholtz equation in R?, as well as to present
a stable and effective reconstruction method for the multi-frequency problem. The central new
technique in our reconstruction method is the explicit and mathematically justified procedure
of choosing a sparse set of measurement frequencies that allows accurate solution, given some
knowledge of the function space in which the source resides.

In section 2 we derive a singular value system of the forward operator F, and in section 3
we use this to give a non-asymptotic spectral characterization of F. The main result there is
Theorem 2. The analysis in sections 2 and 3 follows our earlier work [14] in R rather closely.
Section 4 concerns the multi-frequency ISP, and here we identify certain finite-dimensional
spaces of sources that can be stably reconstructed from the boundary measurements. The main
result there is Theorem 3, where we give a sufficient criterion for reconstruction of sources
belonging to a class of finite-dimensional subspaces of L?(By). In section 5 we conduct numer-
ical experiments to verify our analysis and the reconstruction method, and we finally offer our
conclusions and suggestions for further work in section 6.

1.1. Remark

Our analysis is applicable to more general measurement boundaries than the sphere, since in
certain cases one may extend a measurement continuously to the sphere. More precisely, let
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I" be the boundary of some C? domain (2 that includes the source support By, and take B to
be the smallest ball that includes 2. Let g = uk|r be the measurement of the field u; on T
Then g has a unique extension to a measurement U; on OB that depends continuously on g
(see Theorem 3.11 in [4]).

2. A singular system of F;

Our results on the stability of solution of the multi-frequency inverse source problem rely on
detailed spectral analysis of the measurement operator F. Thus, we first describe a singular
value decomposition of F} in terms of spherical harmonics and spherical Bessel functions. Let
h) be the spherical Hankel function of the first kind and order m, j,(z) the spherical Bessel
function of orderm, and Y}, m € No,n = —m, ..., m, the spherical harmonics. Write kg = kRy
and x = kR, and let

2./k Ro V2 Ro 2 \"?
(o) = RO/ i < /0 jm(kr)zrzdr) = RO/ T /0 rz(\/ZiermH/z(kr)) dr
Ry 1/2
Ro \ Jo

= (Jmﬂ/z(no)z + Tt 2(K0)* —

2m—+1

12
Jm+1/2(:‘€o)1m1/2("€0))

2m+1

1/2
= (Jmﬂ/z(no)z + Jga o (ko) — Jm+1/2("€0)1m+3/2(f<60)) , )

where we use the well-knownrelation j,,(z) = \/7/22J,,41/2(2). The last equality in (4) follows
after using the recurrence relation

20m +1/2)
Ko

Jn—1/2(K0) = Ing172(k0) — Jny32(Ko)-

For positive arguments, the function j, is real-valued and has zeros over a subset of the real
axis with measure zero. Therefore, we have for any m € Ny and any positive x that

R 1/2
am(ko) = 2+/k/TR;" ( / Jm(kr)?r? dr) > 0.
0

Theorem 1. The measurement operator Fy admits the singular value decomposition

Fie = Z Z ”fn("”fn,n)H(Bo)”fn,n ©)

meNg n=—m
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with
RRoVk
the singularvalues Ufn = OTﬁ|h$)(/€)|am(fio)7 (6)
2\/k
the right-singular vectors — u*,, (x) = ijm(k|x|)Y,:’1(x/|x|), X € By, and (7
’ Roam(KO)
the left-singular vectors vfm(x) = (i/R)ei“ghg'%)(“)Y;’n(x/|x|), x € 0B. )

The mth singular value o¥, has the multiplicity 2m + 1.

Proof. The fundamental solution (3) of the Helmholtz equation in R® has an expansion in
terms of the spherical harmonics [4, Theorem 2.11, p 31]:

Gulx —y) = ikY > WP KDY 0/ ) jmEly DY/ YD, x> 13-

m=0n=-—m

The L*-adjoint F; : L*(OB) — L*(By) of F is given by
F{UG) = / Gl UG ASG). U € I2(@B). x € Bo. ©)
B

Since By C B, we have |z| > |x| whenever z € 9B and x € By. Also, {Y7\} is an orthonor-
mal basis of L2(5?), and Gi(x — y) = Gx(y — x), so for every s € L*(By) and x € By it holds
that

FiFes(x) = / Gi—D / Gi(z — )s()dydS(2)
OB By

/ s(0) | Gi(z — 0)Gi(z — y)dS(z)dy
By OB

SR D S SCACE I AT ACTE)

m=0n=—m

00 1

< iky D kD Y/ 12D kly DY/ |y]) dS(e) dy

p=0v=-p

= 12> ST (WD) ikl Y/ [x]) /B SOV K[y Y20/ [y]) dy.

m=0n=—m

This is, in fact, an eigendecomposition of the operator F Fy:

FiFe=" > 0 0k, Cotlh ) r2my) Uhn (10)

meNg n=—m
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with (normalized) eigenvectors

im(k|x|)Y),
e — ( |x|2 o/ [x])  xEBomENy = —m....m.
||Jm(k|x|)Ym(‘x/|‘x|)HL2(BQ)
and eigenvalues
(@) = 21, B P[imKD Y/ D 22y 1 € Noy = =m,o.m.

Now each spherical harmonic ¥” has unit norm in L*(5?), so
. . . , 2
ik XDY e/ 1D 72 ,) = /B | (KX Y2 (/x| dx
0
Ry p2m pm
= / / / Jmkr)?| Y0, ) [*r*sinfdfdpdr
o Jo Jo

Ry R2
- / P juller dr = =2% g, (50)%.
0 4k

Hence
2+/k
uﬁm(x) = ijm(k|x|)Y,’f1(x/|x|), x€By,meNy,n=—m,...,m,
’ Roa (ko)
and
kR2R?
(kP = 07T|h“)( Van(ko)®, meNg, n=—m,....m.

In particular, the eigenvalues (a,’jm)2 of F|F) are degenerate with the degree of degeneracy

2m + 1. In the following, We write (0% )? for these eigenvalues. By definition, the operator F

admits the singular values %, as in (6). By Theorem 4.7 and its proof in [4, pp 100-101] we

have the associated right- smgular vectors and left-singular vectors of F given respectively by
uk . asin (7), and by

Wlﬂ’

1 4
Upn@) = —— Fraty, , (x)

= Ge(x — Y) jm(klyY?, d
of, Tkt RIRID (a0 I, k(= Y)jm(K[yD Y, (v/[y)dy

= R2R|h(1)(ﬁ)|am(no)zz Z h(l)(,@)Y”(x”xD

n=0v=—pn

x / I DI KIDYA/ DTG TNy
0

4ik exp(i arg A (x)) / e
B ' (9) 4 (kr)d
TRERa(ko)? /D o
. : i)
= 1PAXEI Dy o/, x € 9B,
as in (8). -
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Remark 1. In[14, Lemma 1, p 4] we followed Bao et al [1] and found the following expres-
sion for singular values of the measurement operator for the Helmholtz equation in the plane,
at frequency k:

Thpm = V2RTR|H (1)|An(r0), m € No.

Here H'Y = J,, + iY,, is the Hankel function of the first kind and order m, Y,, is the Bessel
function of the second kind (also called the Neumann function) of order m, and

2m 1/2
Ap(ko) = (Jm(nof + Tt 1(k0)* — o m(no>Jm+1(no>) , mé€Np.

Since the Bessel functions are defined for all real orders, we may extend the expression for
04, to m > 0 and use the relation {))(z) = \/7/ ZZH;BFI 12(2) to express the singular values
(6) by

1
O = 701/ M € No. (11)

3. Spectral bandwidth of Fy

As we did in [14], we here define the bandwidth 98 of the operator Fy: L*(By) — L*(OB) to be
X = arg minmeNO{aﬁ‘Hn > ohnyr  foralln € No},

that is, the smallest singular value index after which the singular values, ordered as in
Theorem 1, are strictly decaying. In [14] we proved and validated numerically an explicit tight
lower bound for the bandwidth of F; in R?, as well as argued analytically and numerically for
a conjectured tight upper bound. In [15] we used the lower bound from [14] to ensure stability
of solution of the multi-frequency problem in R2. We now obtain a lower bound for the band-
width 2 of F) in R? analogous to that in the two-dimensional case. First we need a technical
result; let m € No.

Lemma 1. If je(ko) = 0 for some & € [m,m + 1] then a,,(ko) < apr1(Ko).

Proof. Since j,(z) = \/7m/22/,,41/2(z), we have from (4) that

m—+ 1

2
am (ko) = \/Jm+1/2("<50)2 + T /2(K0)? —

2
=/ m}\/jm(/@o)z + Jm—1(ko)* —
i

Omitting, for simplicity, the arguments (x), and using the well-known recurrence relation

. . Fs 7w 2(m+1/2) 2m+1 .
m— m = ~ Jm* Jm = 77]”1 == m»
Jm=1F Jm1 = 4 | 2ro ( 12+ +3/2) 1/ 2ro Ko +1/2 Ko J

we find

i 172(60) m—1/2(ko)

1
jm(HO)jmfl (HO)-

2m +
Ko
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™

; ; 2m+1 . . 2m+3 . .
(azzn - a12n+1) = J;anl - lenJrl - Tojmjmq + JmJm+1

2&0

. . . . 2m+1 . . . 2 .
== (Jmfl - ]erl)(]mfl + Jerl) - Tfm(]mfl - Jerl) + FTJmeJrl
0 0

2m+1 . | . 2m+1 . | . 2 .
== Jm(]mfl - Jerl) - Jm(]mfl - Jerl) + — JmJm+1
Y] Y] Ro
2.,
= ——JmJm+1-
Ko

It was shown in Lemma 2 in [14] that if p > gy >0 and J, (ko) = Jy,(Kko) = O then

po — g1 > 1. This result implies that if po > p; >0 and j, (ko) = ju,(ko) = 0 then

p2 — p1 > 1. Thus, if je(ko) = 0 for some & € [m, m + 1] then the function R > p1 — j, (ko)

equals zero at m, or it equals zero at m + 1, or it changes sign exactly once in the interval
[m, m + 1]. In either case, we have
2 2 4. .

Ay~ Ay = 1 <0. (12)

and it remains to recall that a,,(x¢) > 0 for all m € Ny and ¢ > 0. O

Lemma 2. The function m — |h\V (k)| is strictly increasing for m > —1/2 and k > 0.

Proof. The argument is completely analogous to that in remark 1 in [14]. By Nicholson’s
integral theorem [21, pp 441-44], we have

B ()] = L (9) + iym )P = (R + ym()
s

T 2k

4 1
= —/ cosh <2 (m + > t> Ky (2k sinh 1) dt,
K 2
0

where K is the modified Bessel function of the second kind. Differentiating w.r.t. order, we

get
W op 8 N [ 1 .
|y ()] = — (m+ = sinh (2 (m+ = ) 1] Ko 2k sinh7) dt,
T™w 2 2
0

and since K and the hyperbolic sine are positive for positive arguments, it holds that

HO

2
m+1/2 (H)’

T
(Tt 12(K) + Yog1 0(K)?) = —‘

2K

On[hD ()| >0 forallm > —1/2.

This implies that |A{D(r)| is strictly increasing for m > —1/2 and x > 0. a

For m > 0 and n € N, let j,,41/2, be the nth positive zero of the Bessel function J,, 12,
that is, the nth positive zero of the spherical Bessel function j,.

Theorem 2. A lower bound B _ for A is given by BB = arg min,, ., {jm+1/2,l > Iio}.

Proof. Let m € No. If j,11/21 < ko then, due to the well-known continuity and strictly
increasing behavior of the function > j, 1, the value ky is the first positive zero of some

7
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Bessel function J¢y,, with £ > m, hence it is the first positive zero of some spherical
Bessel function j¢ with & > m. There are thus n € Ng and { € [m + n,m 4+ n + 1] satisfy-
ing je(ko) = 0, and, by Lemma 1, we have a,,4,(ko) < dn4nt1(ko). Also, by Lemma 2, the
function Ng > p1 — |h§})(/§)| is strictly increasing. Since the singular value o, from (6) is pro-
portional to | (k)|a,, (o) for pu € No, we have s < Tmyny1, hencem < Z8.1In conclusion,

P > arg max,,.y, {mg12.1 < Ko} +1 = arg min, .y, {mt1/2.1 = Ko}

In [14] we found a lower bound 98, for the two-dimensional case to be
%ZD,f = arg minmeNO {jm,l 2 Ho} .

In light of the strictly increasing behavior of the function y — j,; for nonnegative orders y,
we interpret the additional ‘+1/2 in the order of the zero in the three-dimensional case as
an indication of greater stability of the inverse source problem in R? compared to the three-
dimensional case. However, other aspects of the change of setting from R? to R* may offset
this. We finally note that it might be possible to exploit the simple connection (11) between the
singular values of the measurement operator in R? and in R? in an analysis along the lines of
[14, pp 9—10] and potentially obtain estimates of tight upper bounds on the bandwidths of both
near-field and far-field measurement operators in R3. We defer this to future work, in particular
since it suffices to use the lower bound Z_ in our stability analysis of the multi-frequency
inverse source problem below.

With the singular value decomposition and bandwidth results for the measurement operator
in place, we begin the analysis of the multi-frequency inverse source problem.

4. Stability of the multi-frequency inverse source problem in R3

It is well-known [9] that the multi-frequency inverse source problem, as described in our intro-
duction and in [9, problem 3.1], is uniquely solvable only if measurements are available over
a set of frequencies with an accumulation point, possibly at infinity. In practical settings, it is
impossible to perform infinitely many measurements, so we turn to reconstructing sources in
finite-dimensional subspaces of L?>(By). The analysis in this section is a natural extension of
the methods in [15] from R? to R?, formulated in a simpler and more flexible way.

4.1. Finite-dimensional source spaces
Consider first the eigenvalue problem for the Dirichlet—Laplacian in By,

—Ap = Ap inBy,
p=0 on OBy.

(13)

One can check [22] that the eigenfunctions and eigenvalues are given uniquely up to a scaling
by

3 Ja (,Ua,ﬁ |x| /RO)

By = - Yg(x x), OLEN, EN, S —Q,..., Oy, (14)
SD By Ra |JQ+1(MQ,3)| /| | 0 /3 v { }
N2
Aass = (“‘*’“) , aeNy, BeN, (15)
Ry
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where 1, 5 is the Sth positive zero of the spherical Bessel function of order «, i.e. j(tta,3) = 0
for 8 € N*. Each eigenvalue )\, 5 has multiplicity 2« + 1.

It is well-known that the set {¢, 5} of normalized eigenfunctions is an orthonormal basis
of L*(By). Any source s € L*(By) thus has an eigenfunction expansion

S(X) == Z ga,ﬁ,’y@a,ﬁ,’y(x), ga,ﬁ,w = / s@a,ﬁ,w dx. (16)

By Bo
For M € N, let Ayy = {\, 3} be a set of any M eigenvalues in (15). We associate with Ay, the
finite-dimensional source space

Say(Bo) = span{ @, 5. Aas € Ay, —a <y < a} CL*(Bo). (17)

Due to the multiplicity of the eigenvalues, it follows that M < dim Sy,,(Bo) < M(1 + 2A),
with A = max{a, Ao 3 € Ay }. A natural example of such finite-dimensional source space is
given by the sources of the form

N Ny @

§ = Z Z Z 3‘&,3,790&,3,7. )

a=0 =1 7=—a

Then Ay = {Mos}a=0,..n,, Written {)\a,g}gl:’évzgzl in the following, and hence M =
f=1...N h

N>(Ny + 1) and dim S, (Bo) = Na(N; + 1)*.

As we will see, the spaces Sy,,(Bo) allow us to relate in a constructive manner the source
information contained in the measurements at different frequencies to a common basis. We
now address the following questions.

(a) Given a finite-dimensional source space Sx,,(By), can we identify a set of measurement
frequencies Q = {k;} such that |Q| < dim Sx,,(By) and such that any s € Sy,,(Bo) can
be reconstructed exactly from measurements at these frequencies?

(b) Vice versa: given a finite set of measurement frequencies Q, can we identify the finite-
dimensional source spaces S Au, (Bp) in which the sources can be reconstructed exactly
from measurements at these frequencies?

(c) Will such reconstructions be stable with respect to imperfect or noisy measurements? By
‘stable’ we mean in general that the noise in the measurements is not unacceptably ampli-
fied in the reconstructed source. More precisely, for a fixed frequency k, let U; = Uy + ¢
be a noisy measurement, where ¢ € L?(0B) represents an additive noise term. In our recon-
struction method, we will need to compute certain functionals of the measurements of the
form

U:

(U 01208 - (Urs v)12(08) + (€, )12
o B ok ok 7
J J J
The noise component in this expression will be amplified by the factor 1/ a’]?, which is
unbounded as j — oco. Our reconstruction method is stable because we control the maxi-
mum value of 1/ o_’]‘- used in the reconstruction to avoid unacceptable amplification of such
additive noise.

4 For clarity we here use the notation jt, 3 = jo+12,5-
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The main results, and answers to the above questions, are summarized as follows.

Theorem 3. Let s € Sy, (Bo), for some finite set Ay of eigenvalues. There is a Ak €
(0, 1/Ro] such that, if for each A, 3 € Ay there is a measurement frequency k; € Q satisfying

k; — )\L/ §| < Ak, then the source s can be stably reconstructed from the set of measurements
{Uk;}ieo-

Corollary 1. Let Q be afinite set of measurement frequencies. There is a Ak € (0, 1/Ro] such
that for any set of eigenvalues Ay; satisfying minkjeQ|)\a,5 — kj| < Ak forall \, 3 € Am;, any
source s € S Au; (Bo) can be stably reconstructed from the measurements {Ukj}kjEQ.

4.1.1. Remarks.

e Theorem 3 says that if we have measurements at a set of frequencies Q that is close enough
to the set Ay of eigenvalues, then any source s € Sy, (By) can be stably reconstructed from
these measurements. Conversely, given a set O of measurement frequencies, we can find
sets of eigenvalues satisfying the hypothesis in Theorem 3. These sets then give rise to
finite-dimensional source spaces, the elements of which are stably reconstructible. We will
later also show that, due to the distribution of the eigenvalues of the Dirichlet Laplacian
on By, a single frequency k can be close to multiple eigenvalues. Consequently, sources
from high-dimensional Sy, (By) are reconstructible even from quite few measurement
frequencies.

e lfs¢ S Ay (Bo), we reconstruct an approximation s = Pg Ay (Bo)S> the projection of s onto
Say(Bo). The quality of the approximation depends on |5 — s|;2(5,), and hence on
Say (Bo).

e Given Sy,,(Bo), we can extract a (not necessarily unique) smallest set of measurement fre-
quencies Q,, sufficient for any s € Sy,,(Bo) to be stably reconstructed from measurements
{Uk; }x;e0,,- However, our analysis does not provide a necessary criterion for such a set
O, and hence it might be possible to reconstruct sources from even smaller frequency
sets.

The above results are achieved by utilizing the special relationship between the singular
vectors of the measurement operator Fy and the eigenfunctions of the Dirichlet—Laplacian,
summarized in the following lemma.

Lemma 3. For any positive measurement frequency k we have

8k/mRojn(k)) iy
am(’io) >\m,ﬁ — k2 ’
(19)

((Pa,ﬁ,"y: u]:n,n)L2(Bg) = 6a,m5"/,n Sign(jm-l-l(ﬂm,ﬂ))

where 6, is the Kronecker delta. In addition, if k = A:n{izfor some m, i, then the right-singular
vectors of the measurement operator Fy are the eigenvectors of the Dirichlet Laplacian:
uk = Omin foreachn € [—m, ..., m].

m,n

Proof. From the orthonormality of the spherical harmonics, we immediately have that

\/8k/TR} Ro

|ja+l (Ma,ﬁ) |am(“0) 0

(Qpa,ﬁ,w 5 u]:n,n)L2(BO) = 5&,11157,11 ]a (/La,ﬁr/RO)jm(kr)rz dr.

10
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Setting o = m, evaluating the above integral and using the recurrence relations for Bessel
functions, as well as that A\, g = (o /Ro)z, we get
Fo oo RAE
]m(,um,ﬁ/ROr)Jm(kr)r dr = ﬁ]m(kRO)Jerl(,um,ﬁ)-
0 m,3

This shows the first statement. For the second part we note that, when z = f1,,,;, we have

2 2m+ 1 22
am(z>=\/§ (j%n(z)ﬂ%m(z)— ’"; jm(z>jm+1(z>) =\/§ limt1 @)

Recall that )\lln/’ l2 = pmi/Ro and kg = kRy. Taking k = /\,ln/ 1.2, we have that

2T

Roam(HO)
V2

= 5 Jjm(k]X) Y (x/]x])

Rg/z |jm+1(ﬂm,i)

u’,‘m(x) = Jm(k|xDYy (x/|x])

= Som,i,n(-x)» me N(), nec {—m, ey m}

To prove Theorem 3 we also need the following result.

Lemma 4. For any numbers ki, . . ., ky satisfying 0 < ky < - - - < ky there exists a largest
Ak > 0 such that for any 1 <i < N and any real x, |k; — x| < Ak implies

N

>

J=1J#

ki

k2 —x2

k;
)

G

Proof. For any index i, assume x € [k; — Ak, k; + Ak] C (ki—1, ki+1), with the convention
that ko = 0 and kx4 > ky. The function

N

Sy =Y

=L

k;
k2 —x2
J

, X€[ki— Ak, ki + Ak],

is convex and has a maximum M at one of the endpoints k; - Ak. Next, the function

i

kK —x2

1

D(x) = , X € [ki— Ak, ki + Ak,

is unbounded at k;, and it is even. We can therefore find a largest Ak such that for all x €
(ki — Ak, k; + Ak), we have D(x) > M > S(x). O

We now construct the mapping between the multi-frequency measurements and the finite-
dimensional source space. Let Ay, be a set of M eigenvalues and Q a finite set of measurement
frequencies, with |Q| < M. For the sake of bookkeeping, we introduce some new notation.

(a) The auxiliary frequency set Qy: for each A, 3 € Ay, take the corresponding k.3 € Oy
to be k, 3 = arg minkj€Q|)\(ly{ § — kj|, i.e. the measurement frequency closest to )\(1!/ § Then
QO 1s a set of M not necessarily distinct numbers from Q.

1
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(b) We label a measurement at frequency k.3 € Oy C Q as U, p. Thatis, if ko, 3 = k; € Q,
then Ua\g = Ukj-
(c) Letly,, bethe increasingly ordered set of indices a such that A, 3 € Ay Foreacha € 1y,,,
we define the set I, = {#' € N: \, » € Ay}, also increasingly ordered.
If for example Ay = {\i2,A31,A33,\73}, we have that Iy, = {1,3,7}, and that
11 = {2},13 = {1,3} andI7 = {3}
(d) We associate to each measurement U, 5 a set of coefficients:

ka,d
. _ (Uap, vai 208
Ua By = Uk“"ﬁ
«

s ka\g € Owum, v e {—a, Ce, a}. (20)

Here v(kf; and oﬁ““’j are the singular vectors and singular values of Fy_ ,, respectively.
We now construct a family of matrix operators mapping the eigenfunction expansion coeffi-
cients {5,,3} of a source s € Sy,,(By) to the measurement coefficients {it, .- }.
Expressing s € Sa,,(Bo) in the above notation we have

«
s = E E E 80,8y PaBy-

aeIAM Bely, y=—«

Fixing m € I,,, and letting U, , be the measurement associated with the source s yields

ki,
~ (Um,n» ’Um,zin )LQ(OB)

Umni = Konn

m

= (s, “]::,’EW)L%BO) 21

~ k .
= Z Sm’ﬁ’i(@m’ﬁ’i, ulr:’,’lzn)Lz(Bo)’ ne Im, 1€ {7m, ceey m}
BEly

This is a linear system relating the source coefficients with the measurement coefficients.
Setting N = |I,,)|, we define

U,, = (mji)jer, € C~, (22)
St = Gmji)jer, € C", (23)
K = ((‘P’n,f‘»h“]:l,'z‘")ﬂ(Bo))njez SR 24

Notice that the matrix K,, does not depend on the index i. Equation (21) now takes the form
U, =K,S, i€{-m,...,m} (25)

To reconstruct all the coefficients of s € Sy,,(By), we thus have to solve the system of equations
U, =K,S,, Vmely,, ic{-m,... m}, (26)

and so we have to show that the matrices K,,, are invertible.
To this end, we show that there exists a Ak > 0 such that if for each A\, 3 € Ay there
is a corresponding measurement frequency k. g € Qu C Q close to A, in the sense that

|)\1/ - kog| < Ak, then each matrix K, is invertible. In addition, we show that if Ak < 1/Ry,

.8
then the inversion is stable with respect to noisy measurements.

12
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Invertibility of the matrices K, is shown by proving that Ak can be chosen such that
each matrix K, is strictly diagonally dominant. Recall that an M x M matrix A = (a;;) is
strictly diagonally dominant if |a;;| > > jxi|a; j| for each 1 < i < M, and that such matrices
are invertible [23].

Proof of Theorem 3 (Reconstruction). From equation (24) we get that for K,,, m € I,
to be strictly diagonally dominant, the inequality
kmn m,n
|onanis D2l > D 1msis 2| @7
BELn,B#n

has to hold for each row. Recall (21) and that the index n € I, is row-dependent. With the help
of Lemma 3 we write (27) as

| V8k/TRojm(r0)  MiF

am(HO) )\m,n - k%ﬂn

Sk/ﬂ'Rij(’iO) )\'ln/fj

am(HO) )\m,ﬂ - kyznn ’

>

Belm.p#n

(28)

The factor /8k/mRo jum(ko)/am(ko) is constant in each row and can be neglected. Hence the
simplification

i M
LT BN __mp . 29
A = Ko Belnf#n Ay = K )

For fixed m and increasing 3 € I,,, the eigenvalues {\,3}ges, form a strictly increasing

sequence. Assuming that k,,,, € (A,ln{ il, )\,ln/ i 41)» Lemma 4 shows that there exists a largest

Ay > 0 such that if A — Kyu| < Ay, then the inequality (29) holds. We take Ak, to be
Ak, = min,¢j, Aky,,, i.e. the smallest of the Ak, ,,’s such that (29) holds for each row in K,,,.
Next, we set Ak = min,,¢; Ay Assume now that for each \,,, € Ay there is a measurement

frequency k; € Q such that |)\:,,/ f kj| < Ak. Then, for k,,,, = k; € Qu, we immediately have

that
A2 — Kon| < Ak < Ak,

and hence the inequality (29) holds for each row in each K,,. Hence each K, is strictly
diagonally dominant and invertible. 0

4.1.2. Remark. The above proof finds a single Ak that serves as a ‘global’ constraint on how
close it suffices for the measurement frequencies to be to the eigenvalues in Ay,. This is done
to make the statement of Theorem 3 simpler. In a more refined analysis, one could aim to find a
Ay-dependent Ak. Moreover, the above is merely an existence proof for Ak. Clearly, we want
Ak as large as possible (but, as we will see, smaller than or equal to 1/R for stability reasons).
This can of course be checked numerically, by computing the rank or condition number of
the matrices K, as a function of Ak, and doing this reveals that one can choose Ak = 1/Ry.
However, we have not yet been able to obtain a proof of this.

We now analyze the stability of the above inversion procedure with respect to noise. We
will see that under the simple constraint that Ak < 1/Ry, where Ry is the radius of the source
domain, we can guarantee stable reconstructions in the sense that noise is not amplified in the
calculation of the measurement coefficients iy, ,, ;.

13
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For ¢ € L?(OB), we consider an additive noise model where the noisy measurements are
of the form Uy, , = Uy, + €. We assume the noise ¢ to be bounded in the sense that ||| ;25
< 0||Unnil| 12(98) for some noise level 0 < 0 < 1. Recalling equation (20) for the measurement
coefficients,

€ Kkim,n kim.n ki
N o Up> Ui D12(08) o U, Vi Dizopy | (€07 1208
Umni = - +

) (30)

km,n k, 1 km,n
Om 0'17;' Om

Kimn

itis evident that the noise will be amplified if ,,"" < 1. Hence we want to avoid the coefficients
associated with small singular values, i.e. coefficients i, ,; where m > 28, where 4 is the
bandwidth of the operator Fy,, ,. We now show that if Ak < 1/Ro, thenm < Z_.

Proof of Theorem 3 (Stability). The result follows from Theorem 2 in [15]. We adapt the
proof to the current setting, including all the relevant details for completeness.
To each measurement frequency k; € Q we associate the index set

Iy = {a:das € Ay and N/} — k) < Ak}

For each measurement Uk]., we defined Ik]. to be the set of indices m of the measurement coef-
ficients that are computed from Uy;. Consequently, by (30), the elements of /y; are also the
indices of the singular values involved in the computation. We show that if Ak < 1/Ry, we
have maxmlkj < % _. Recalling Theorem 2, we have

B = arg minmeNo{jm+1/2,1 = fm1 Z Ko = ijo}-

As shown in [15], for m > —1 and n € N it holds that 41, — ftms > 1. Recalling that
A = (Poman /Ro)z, we have that

M2 —kj| < Ak <= fim, € (kiR — 1,k;Ro + 1).
Assume first that the largest index m € I, is associated with some pj,1 satisfying
i1 € (kjRy — 1,k;Ro + 1).

Then either p; < k;Ro andsom < ZB_, or 1 € [kjRo, kjRo + 1) and som = ZB8_, since no
two f1,,1 can occur within an interval of length 1, and pg_ ; is the smallest f1,,1 = k;Ry. Last,
assume the largest index m comes from (5, n > 1, and that m > Z8_. Then uz, > g >
ez 1, which is a contradiction since then piz, ¢ (k;Ro — 1,k;Ro + 1). [l

4.2. Density of eigenvalues and subspace dimension

A key observation in [15] was that the eigenvalues become more densely spaced as one moves

up the real line. An estimate for the expected number N (k, Ak) of )\(1/ § that lay in an interval
of length 2Ak centered at k was in [15] given by the formula

2Ak

Rom” 31)

Natk, Ak) ~ K%sz 1167 - 3>J

Roughly, this implies that for a set of N linearly spaced frequencies Q = {2Ak - n}i:]:1 , we
have

(Aky?

Roﬂ'

IA| ~ 3NN + 1),

14
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and hence that the cardinality of A, increases approximately quadratically with N.
Equation (31) also has the interpretation that high-frequency measurements carry more
information in terms of the dimension of Sx,,(Bo).

5. Numerical verification of the multi-frequency inversion method

The proof of Theorem 3 immediately suggests a reconstruction method:

(a) For a given finite-dimensional source space Sy, find a set of measurement frequencies
QO = {k,} satisfying |k; — /\;/§| < Ak, as in Theorem 3.

(b) Compute the measurement coefficients from the measurements {Uk,-}k,-eQ as in
equation (21).

(c) Solve the linear systems in (26) to obtain the source coefficients and a reconstruction of
the source.

Step (a) above can also be done in the reversed direction, i.e. given a set of measurement
frequencies Q, find a space Sy, satisfying corollary 1 and in which a stable reconstruction can
be achieved.

For numerical experiments and validation of the above reconstruction method, we introduce
two finite-dimensional source spaces. Let A, = {\, 5} 04=1 and Ay = {A, 5} ;5:15 51> and
let Sp;and Sp,, be the corresponding source spaces. Further, let the source support By have
radius 1, and assume measurements are taken on 0B, where B has radius 2. By numerical
testing, we find that we can choose Ak = 0.7 in Theorem 3 and we find the smallest (non-
unique) sets of measurement frequencies Q; and Qp sufficient for stable reconstruction of

sources in Sy, and Sy, respectively. We get

0Ll =12, |AL| =30, dim Sa, = 180, (32)
On| =42, |Ay| =240, dim S,, = 3840. (33)

Due to the density of the eigenvalues, we see that we can reconstruct 3840 source coefficients
from measurements at only 42 different frequencies.

Let x5, - (x) be the characteristic function for a ball of radius r centered at x, in R*. We
consider the two sources

SE(X) = 111 + 20333 +40s32 +0.501267, (34)
sp(x) = Lxa,, ., () + 2xs,,,, () + 3/2xs,,, (0, (35)

where the radii and centers of the characteristic functions are

rp =04, x =(0,0.1,0.3), rn=0.1 x =(0,-04,-0.3),
r3 =03, x3=(0.2,0.5,-04).

Clearly, s € Sa, \S A~ On the other hand, sp belongs to neither S5, nor Sy, and we can only
reconstruct the projection of the source onto the source spaces.
To compute the measurements { Uy, }x;c0, We do as follows:

15
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For a source x3,, (x) supported in By we have

Fixs,.,(x) = / G (%, ) XB,.,, (V) dy

By
ik|x—y)| 1 & (ik)" (36)
(S l n—1
= [ S dy= — " dy.
/ 4m |x —y| Y 47TZO n! / b=l Y
X0 n= Br,xo

The integrals in the sum can be evaluated by noting that the function |x — y|*~! is constant
fory € 0B, . Letd = |x — xo|. Ford — r < z < d + r the sphere OB, intersects B,.,, and the
part of OB. , enclosed in B, is a spherical cap with area A(z) = 27z (z — (d* — r* + 22)/2d),
see [24]. We thus have that

d+r PPt ?
/ lx —y" 'dy = / " 12mz <Z — zrdz) dz. (37)
Br.xy d—r

This integral can be evaluated by standard methods and we get

1 27 ((d + r2 + n)(d — "2 + (n + 2)r — d)(d + r)"?)
/B x—y"dy = .
V,XO

A1+ D1+ 2)(n+3) 38)

A lengthy calculation shows that

= (ik)" 27 ((d + r2 + n)(d — 1) + ((n + 2)r — d)(d + r)""?)
47 dnl(n+ )(n + 2)(n + 3)

n=0
(i — kr)e @ — (i + kr)et+n
2dk3 ’

and hence the measurement is given by

(l o kr)eik(\xfxg\fr) _ (l + kr)eik(\x*xo\Jrr)

P ., Xxo € By, x € 0B.
— Xo

Fixs,.,(x) =
(39)

The measurement corresponding to an eigenvector source ¢,g, is given by (19) in
Lemma 3, and we have that

. 1/2
8k/Roja(r0) A3
an(Ko) Aa,ﬁ — K

Fipap(x) = ohvh () Sign(ja+1(ta,s))

We avoid the high computational cost of simulating high-frequency solutions to the Helmholtz
equation by generating the measurements of the sources using the above closed-form solutions.
We sample each of the measurements { Uy, }x;co at equidistant points {x;}}_, on dB. For

a noise level 6, we add a noise vector ¢ € CV of normally distributed random numbers® to
the measurement vector (Uy,(xi)) € C", with the convention that |¢| < § |Uy,|. We denote the
noisy measurement by U,‘f,, =Uy +e.

5 For each component ¢; the real and imaginary part is generated separately by the Matlab-function randn().
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To compute the measurement coefficients, we approximate the inner products appearing in
(21) by a simple quadrature method

k:
€ J
( kj’ va,’y

All entries in the matrices K, in (21) are explicitly given, and are implemented in Matlab. We
compute the source coefficients by solving

N
1 & .
~ AR2 L - '

)LZ(aB) ~ 4R N; Uy, (i) valy (x3). (40)

S =K, U, Ymeclp, i€[-m,..., m], (41)

where U! are the vectors of measurement coefficients calculated from the noisy measurements
in (40). Ultimately, the source is expanded in terms of the eigenvectors in Sx. The number
of points necessary for a good estimate varies with the nature of the measurement and the
dimension of the source space.

5.1. Reconstructions

The measurements are generated as outlined above, and we add noise with a noise level
d = 0.1, i.e. 10% noise to all measurements before we perform the reconstruction. We sam-
ple the measurements at N = 201 and N = 10001 points. We plot the (0, y, z)-sections of the
sources, the reconstructions and their (log) pointwise absolute difference. Figures 1-3 show
the results of the numerical simulations. Figures 1 and 3, made using 10001 sampling points,
show that the source sy agrees remarkably well with the reconstruction from high-frequency
measurements { Uk_,}k_,eQH- The outstanding agreement in the presence of noisy measurements
might be due to the small number of measurement coefficients being non-zero because of the
very simple structure of sg. From the low-frequency measurements {Ukj}kjeQL we can only
reconstruct the projection Pg A, B> and hence we miss the component0.5¢, ¢ 7 of sg. In figure 3,
we see that the reconstruction of sz from the low-frequency measurements captures the char-
acteristic functions with larger supports quite well, but that the smallest ball is almost invisible.
This is as expected, since Sp, does not contain the high-frequency vectors needed to resolve
smaller features. On the contrary, the reconstruction of sz from the high-frequency measure-
ments captures all characteristic functions quite well and is a satisfactory approximation to sp.
As we can see in the difference plots, both the low and high-frequency reconstructions suffer
from larger pointwise errors around the discontinuities of sp, and we notice the well-known
Gibbs phenomenon.

The remarkable quality of the reconstructions in figures 1 and 3 is also due to significant
oversampling (10001 measurement points) of noise in the measurement and the resulting
improvement of the signal-to-noise ratio. To investigate the effect of oversampling on the
source reconstruction, we here include figure 2. The results in that figure are obtained using
only 201 sampling points, with the same noise level of 10%. While these results are indeed of
lower quality than the results of the oversampled case, they still seem quite good.

The results verify that the proposed reconstruction method offers stable reconstruction of
sources in Sx(By) and of projections Py ALS for s € L*(By), and that the quality of such recon-
structions depends on the number of measurement frequencies. Moreover, the method has a
low computational cost, requiring only addition and inversion of low-dimensional matrices.

5.2. Approximation properties of Sy,,

‘We now study numerically the approximation properties of S,,. The approximation property
we are interested in the distance ||Ps, s — s||;2(5,. We want to compare approximations of
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Figure 1. All plots are in the (0, y, z)-plane of By. The reconstruction is made using
10001 sampling points. Top-left: source sg(x). Top-middle: Reconstruction §z(x) of
sg(x) from low-frequency measurements {Ukj }kjeQ ,.- Top-right: Logarithm of pointwise
absolute error, log |$k(x) — sg(x)|. Bottom-left: Source sg(x). Bottom-middle: Recon-
struction 321 (x) of sg(x) from high-frequency measurements {Ukj}kjEQH' Bottom-right:

Logarithm of pointwise absolute error, log |32 (x) — sg(x)|.

s € L*(By) in Sa,, and in Ep, where Ep is a large set of right-singular vectors of the
measurement operators Fy ., k; € Q.

LetQ = {k j}]}’: | be the smallest frequency set associated with Ay and s € L2(By). We define
the truncated measurement operator at frequency &; by

k:

AR
T ki kj kj ki .
FL=Y"> " oviaCtinla)pgy ki € Q. 7 = arg min,,cn, {pim1 = kiRo} -

m=1n=—m

Next, we define the multi-frequency and truncated multi-frequency measurement operators by,
respectively,

F, F;If,
F F

Fo=| 7|, Fi=1]F (42)
FkN F]’{N

We have that Fg, F},: L*(Bo) — (L2(8B))N. Since F} is finite-rank, it has a finite singular
system {0, G, Um }m—,» and the inverse of F is

0,
m=1 mn
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Figure 2. All plots are in the (0,y,z)-plane of By. The reconstruction is made using
201 sampling points. Top-left: Source sg(x). Top-middle: Reconstruction fsé(x) of sg(x)
from low-frequency measurements {Uk/. } k;eo; - Top-right: Logarithm of pointwise abso-
lute error, log |§§(x) — sg(x)|. Bottom-left: Source sg(x). Bottom-middle: Reconstruction
52 () of sg(x) from high-frequency measurements {Uk/. } k;e0y; - Bottom-right: Logarithm

of pointwise absolute error, log |34 (x) — sg(x)|.
0 ﬂ | e ﬂ |
0 0
0 ﬂ 2
0

Q

Figure 3. All plots are in the (0, y, z)-plane of By. The reconstruction is made using
10001 sampling points. Top-left: Source sp(x). Top-middle: Reconstruction $5(x) of
sp(x) from low-frequency measurements {Uk,. } k;eo; - Top-right: Pointwise absolute error
|35(x) — sp(x)|. Bottom-left: Source sp(x). Bottom-middle: Reconstruction 5% (x) of sp(x)
from high-frequency measurements { Ukj }kjEQH- Bottom-right: Pointwise absolute error

35 (x) — sp(x)|.
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We say that (F 5)’1 is the truncated singular value decomposition (TSVD) inverse of F, and we
have that Im (F 5)’1 = span{¢,, }. Since the inversion method using S4,, only extracts parts of
the recoverable information from the measurements, it is of interest to compare it to approxima-
tions in Eg = span{ ¢y, }, which in a sense is the largest space of stably recoverable information
we can reconstruct from the measurements { Uy, }4,co-

To this end, we proceed as follows. For k; € Q, let Ej; be the set of right-singular vectors
included in Fg}_, i.e.

By, = {u,k,{,n:O <m< %’k,j, —m < n < m}. (43)
For our investigation, we need the following lemma.
Lemma5. Im(F}) ' = span {Uk,eQEkj}-

Proof. First, note that Ker F 5 =N jco Ker ng, and that Ker F; = L*(2) © span Ey;. Hence

Ker Fj, = ﬂ (L*(2) © span E,) = L*(2) © span U Ey,
ijQ ijQ
The result now follows by noting that
1
Im(F)) "' = (Ker F})" = | L* © span U Ey = span U Ey,
ki€Q kj€Q
]

Hence we have E,y = span {Uk,eQEk/}- To compare approximations, we compute the dis-

tances d(s, Sx,,) and d(s, Eg) for different s € L*(By) and different Ay, and Q.
Since Sy,, is the span of orthonormal vectors,

dis,Sa ¥ = lIslI* = D" s, apa)l (44)

‘Pa,d,'y 6SAM

From chapter 7.6 in [25], we have that the distance from a finite-dimensional subspace
M = span{¢,, }_, of an infinite-dimensional Hilbert space X to any s € X is given by the
formula

d(s,M)* = ||s|x — B"G'B. (45)
Here 3 = [(s, ¢1)s - - - , (s, ®u)] and G~ is the inverse of the Gram matrix G = {(¢;, ¢./')X}%:1 .
Since Ep = span {Uk,-EQEk/}’ the entries of G are given by (us: “]ZB)LZ(Z)B)- By an analogous
calculation to that in the proof of Lemma 3, we find that

o ki
(W s Uy )12y

4 kik;
= OmoOns L (ki o (kiRO) je1 (K iR) — ki jm—1(kiR0) jm(k :R0)) -
) ’dﬂ—am(kiRO)am(ijO) Py (kjjm(kiRo) jm—1(k;Ro) Jm-1(kiR0) jum(k;Ro))
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Figure 4. The top and middle plot shows the relative approximation errors in S, and
Ey,. The bottom plot shows the dimension of the two spaces.

Forn=3,4,...,8, let Ay, = {)\a,,g}:’;ioﬁ:l, and take Qy, to be the smallest frequency set
such that the hypothesis of Theorem 3 holds. We set Ry = 1 and compute the distances from
the spaces S Aty and Ey, to the functions

s1(x) = exp(—|x|*/0.1) sin(2 tan~" (x5 /x1)) cos ™' (x3/ |x]),
$2(X) = Xrxg>» =02, x9=(0.2,0.3,0.1).

The inner products in equations (44) and (45) are approximated with the Matlab quadrature
integral3(). Figure 4 shows the (relative) distances to the sources for increasing n and the dimen-
sions of Eg, = Im (an)’1 and Sy, . For both sources the approximation in Ep, is slightly
better than in S sty » but the dimension, and hence the computational cost associated with the
reconstruction/approximation increases dramatically with n. Hence the results indicate that
there is a large number of redundant vectors in Eg,, and that the lower-dimensional space
S, does capture the essential information about the sources present in the multi-frequency
measurements.
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6. Conclusion

We have analyzed the feasibility and the stability of a solution of the multi-frequency inverse
source problem for the Helmholtz equation in R3. Given any finite set of measurement
frequencies, we have characterized certain finite-dimensional source spaces in which exact
source reconstruction is guaranteed if the measurements are noise-free. Conversely, for each
of the finite-dimensional source spaces we have found the smallest set of measurement fre-
quencies that is sufficient for exact reconstruction in the absence of noise. Regarding stability,
we have extended our results from the two-dimensional case and proved a lower bound on the
‘bandwidth’ of the measurement operator, at any measurement frequency. We showed that our
inversion method for multi-frequency measurements is stable and highly efficient; since the
method does not rely on discretization of the measurement operator, one avoids the computa-
tional cost associated with wave phenomena in higher dimensions. It would be interesting to
see if the method can be generalized to measurement boundaries other than spheres, as well as
to compare its performance against commonly used inversion techniques. Finally, it remains
to investigate whether also in the non-constant coefficient case a similar relationship exists
between the eigenvalues and eigenvectors of an elliptic PDE and the frequency dependence of
the SVD of the measurement operator.

ORCID iDs

Adrian Kirkeby © https://orcid.org/0000-0003-2741-7423
Mirza Karamehmedovié (2 https://orcid.org/0000-0003-0038-9020

References

[1] Bao G, LinJ and Triki F 2010 A multi-frequency inverse source problem J. Differ. Equ. 249 3443—65
[2] Abdullah H and Louis A K 1999 The approximate inverse for solving an inverse scattering problem
for acoustic waves in an inhomogeneous medium Inverse Problems 15 1213
[3] Anastasio M A, Zhang J, Modgil D and La Riviere P J 2007 Application of inverse source concepts
to photoacoustic tomography Inverse Problems 23 S21
[4] Colton D and Kress R 2013 Inverse Acoustic and Electromagnetic Scattering Theory 3rd edn vol 93
(Berlin: Springer)
[5] Eskin G 2011 Lectures on Linear Partial Differential Equations vol 123 (Providence, RI: American
Mathematical Society)
[6] Fink M and Prada C 2001 Acoustic time-reversal mirrors Inverse Problems 17 R1-38
[7] Idemen M and Alkumru A 2012 On an inverse source problem connected with photo-acoustic and
thermo-acoustic tomographies Wave Motion 49 595—-604
[8] McMechan G A, Luetgert ] H and Mooney W D 1985 Imaging of earthquake sources in Long Valley
Caldera, California, 1983 Bull. Seismol. Soc. Am. 75 1005-20 (ISSN: 19433573 and 00371106)
[9] Acosta S, Chow S, Taylor J and Villamizar V 2012 On the multi-frequency inverse source problem
in heterogeneous media Inverse Problems 28 075013
[10] Ammari H, Garnier J and Sglna K 2013 Resolution and stability analysis in full-aperture, linearized
conductivity and wave imaging Proc. Am. Math. Soc. 141 3431-46
[11] Bao G, Li P and Zhao Y 2019 Stability for the inverse source problems in elastic and electromagnetic
waves J. Math. Pure. Appl. 34 122-78
[12] Bao G, Lu S, Rundell W and Xu B 2015 A recursive algorithm for multifrequency acoustic inverse
source problems SIAM J. Numer. Anal. 53 1608-28
[13] Griesmaier R, Hanke M and Raasch T 2012 Inverse source problems for the Helmholtz equation
and the windowed Fourier transform SIAM J. Sci. Comput. 34 A1544—-62

22


https://orcid.org/0000-0003-2741-7423
https://orcid.org/0000-0003-2741-7423
https://orcid.org/0000-0003-0038-9020
https://orcid.org/0000-0003-0038-9020
https://doi.org/10.1016/j.jde.2010.08.013
https://doi.org/10.1016/j.jde.2010.08.013
https://doi.org/10.1088/0266-5611/15/5/307
https://doi.org/10.1088/0266-5611/15/5/307
https://doi.org/10.1088/0266-5611/23/6/s03
https://doi.org/10.1088/0266-5611/23/6/s03
https://doi.org/10.1088/0266-5611/17/1/201
https://doi.org/10.1088/0266-5611/17/1/201
https://doi.org/10.1016/j.wavemoti.2012.03.004
https://doi.org/10.1016/j.wavemoti.2012.03.004
https://doi.org/10.1088/0266-5611/28/7/075013
https://doi.org/10.1088/0266-5611/28/7/075013
https://doi.org/10.1090/S0002-9939-2013-11509-X
https://doi.org/10.1090/S0002-9939-2013-11509-X
https://doi.org/10.1016/j.matpur.2019.06.006
https://doi.org/10.1016/j.matpur.2019.06.006
https://doi.org/10.1137/140993648
https://doi.org/10.1137/140993648
https://doi.org/10.1137/110855880
https://doi.org/10.1137/110855880

Inverse Problems 36 (2020) 055007 A Kirkeby et al

[14] Karamehmedovi¢ M 2018 Explicit tight bounds on the stably recoverable information for the inverse
source problem J. Phys. Commun. 2 095021

[15] Karamehmedovi¢ M, Kirkeby A and Knudsen K 2018 Stable source reconstruction from a finite
number of measurements in the multi-frequency inverse source problem Inverse Problems 34
065004

[16] Griesmaier R and Sylvester J 2016 Far field splitting by iteratively reweighted /' minimization SIAM
J. Appl. Math. 76 705-30

[17] Griesmaier R and Sylvester J 2017 Uncertainty principles for inverse source problems, far field
splitting, and data completion SIAM J. Appl. Math. 77 154-80

[18] Griesmaier R, Hanke M and Sylvester J 2014 Far field splitting for the Helmholtz equation SIAM J.
Numer. Anal. 52 343-62

[19] Wang X, Guo Y, Zhang D and Liu H 2017 Fourier method for recovering acoustic sources from
multi-frequency far-field data Inverse Problems 33 035001

[20] Zhang D and Guo Y 2015 Fourier method for solving the multi-frequency inverse source problem
for the Helmholtz equation Inverse Problems 31 035007

[21] Watson G N 1995 A Treatise on the Theory of Bessel Functions (Cambridge: Cambridge University
Press)

[22] Strauss W A 1992 Partial Differential Equations vol 92 (New York: Wiley)

[23] Varga R S 2004 Gershgorin and his Circles (Springer Series in Computational Mathematics) vol 36
(Berlin: Springer)

[24] Eric W 2020 Sphere-Sphere Intersection (Wolfram Web Resource)

[25] Deutsch F R 2012 Best Approximation in Inner Product Spaces (Berlin: Springer)

23


https://doi.org/10.1088/2399-6528/aad16b
https://doi.org/10.1088/2399-6528/aad16b
https://doi.org/10.1088/1361-6420/aaba83
https://doi.org/10.1088/1361-6420/aaba83
https://doi.org/10.1137/15m102839x
https://doi.org/10.1137/15m102839x
https://doi.org/10.1137/16m1086157
https://doi.org/10.1137/16m1086157
https://doi.org/10.1137/120891381
https://doi.org/10.1137/120891381
https://doi.org/10.1088/1361-6420/aa573c
https://doi.org/10.1088/1361-6420/aa573c
https://doi.org/10.1088/0266-5611/31/3/035007
https://doi.org/10.1088/0266-5611/31/3/035007

	Stability of the inverse source problem for the Helmholtz equation in R
	1.  Introduction
	1.1.  Remark

	2.  A singular system of 
	3.  Spectral bandwidth of Fk
	4.  Stability of the multi-frequency inverse source problem in R3
	4.1.  Finite-dimensional source spaces
	4.1.1.  Remarks.
	4.1.2.  Remark.

	4.2.  Density of eigenvalues and subspace dimension

	5. Numerical verification of the multi-frequency inversion method
	5.1. Reconstructions
	5.2. Approximation properties of S�M

	6. Conclusion
	ORCID iDs
	References


