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Abstract
We consider the problem of reconstructing the seabed topography from observations
of surface gravity waves. We formulate the problem as a classical inverse scattering
problem using the mild-slope equation and analyze the topographic dependence of the
forward and inverse problem.Moreover, we propose a useful model simplification that
makes the inverse problemmuchmore tractable.Aswaterwaves allow for observations
of the full wave field, it differs quite a lot from the classical inverse scattering problems,
and we utilize this to prove a conditional stability result for the inverse problem. Last,
we develop a simple and fast numerical inversion method and test it on synthetic data
to verify our analysis.

Keywords Water waves · Inverse problems · Oceanography

1 Introduction andMathematical Model

The task of mapping the ocean depth has a long and interesting history (cf. [11]),
and accurate maps of the seabed topography (also called bathymetry) are important
for safe sea travel, off-shore-based industry and infrastructure, geological exploration,
oceanography, and many other purposes [48]. The most common method for depth
estimation is sonar, where the bottom reflects an acoustic pulse, and the depth is
computed from the travel time. This method is robust and accurate but requires scan-
ning large ocean parts with a vessel and can be both time-consuming and dangerous,
especially in coastal and shallow waters [30, 48].

Another method to infer the seabed topography is using satellite/airborne observa-
tions. Such techniques are classified as either passive or active (cf. [41] for a recent
review). In passive methods, one relies on pure (possibly multi-spectral) optical data,
where one can directly observe the bottom through the water column. Based on knowl-
edge of the optical properties of water and various other physical processes, the local
depth can be calculated from the pixel intensity [31]. In active methods like LiDAR or
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SAR, focused electromagnetic radiation penetrates the water, and the recorded scat-
tered field is used to reconstruct the topography [30, 46]. These methods can be very
effective, but a drawback is that their success depends on the microscopic properties
of the water; if the water has a high concentration of scattering and absorbing par-
ticles such as algae, bubbles, and minerals, the incoming electromagnetic waves are
quickly absorbed as they penetrate the water, and the reflected signal contains very
little information about the water column and the bottom [41].

The approach to topography estimation taken in this paper is quite different; we
do not try to bypass the barrier posed by the water to get direct information about the
bottom; instead, we analyze the causal relationship between the bottom topography
and the surface waves, and aim to reconstruct the topography from observations of the
waves. This approach is not new, and there seem to be two main approaches to solving
it. The first, which we will call the dispersion method, utilizes the dispersion relation
for linear waves over constant depth d, i.e., the formula ω2 = gk tanh(kd). Assuming
that this relation remains valid also for waves over variable depth d(X), one then uses
various methods to extract local estimates of the spatially varying wavenumber k or
the wave velocity c = ω/k, from video or images the surface waves. Given such data,
one proceeds by inverting the dispersion relation to get an estimate of d(X). An early
reference for this approach, going back to World War II, is Ref. [47]. More recent
work is found in, e.g., Refs. [19, 37, 38, 42].

The second strategy is based on partial differential equations (PDEs), and we will
refer to it as the PDE method. From an inverse problems point of view, this is a
very natural strategy: one assumes some known PDE models the physics and that the
unknown quantity is some parameter (a coefficient, source term, boundary, or initial
condition) in that PDE. The measurement is (part of) the solution to the PDE, and
the inverse problem is posed as inverting the PDE to find the unknown quantity. For
example, in Ref. [43], the authors consider the inversion of the fully non-linear water
wave equations: this is a formidable problem, and they show that it is possible to
determine the topography from measuring the wave amplitude, velocity, and acceler-
ation, and conduct 1D reconstructions numerically. They also note that the problem is
severely ill-posed but do not analyze this further. In Ref. [14], the non-linear problem
is studied as an optimization problem, and it is shown that one can uniquely determine
the topography from observations of the wave amplitude and velocity potential. Also
here, ill-posedness is discussed, but no conclusions are reached. Other papers using
PDE methods, some of which will be mentioned later, are Refs. [15, 29, 35, 44, 49].

The benefit of the dispersion methods is that they are simple to use, quite robust,
and require only image/video data. The drawback is that they are based on the rather
ad hoc local dispersion relation, so it is unclear under which physical conditions this
model is suitable. Moreover, due to the uncertainty principle for localized frequency
estimation (cf. [17]), there are limitations to how accurately one can estimate the local
wavenumber and the spatial resolution of the reconstructed data will be limited by this
[37].

The benefit of PDE methods is that PDEs can capture much more of the complex
behavior of water waves, i.e., serve as better models for the physics, and, therefore,
also allow for more accurate determination of the topography. The drawback is that the
PDEmodels are muchmore complicated to analyze and solve numerically and require
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very accurate measurements of physical quantities that are not easily measured, like
surface acceleration or surface velocity potential.

Contribution

The approach taken in this paper lies somewhere in between the dispersion methods
and the PDE methods. We model the surface wave using a PDE that depends on
the topography in a non-linear, dispersive1 manner, but eventually, we will end up
inverting a dispersion relation to estimate the topography. This approach has several
advantages; first of all, it is clear from the beginning what assumptions are made for
the model to be valid, and so the applicability and limitations of the model are clear.
Second, we can give a rather precise stability estimate on the reconstructed topography
in the case of noisy measurements. As far as we know, no such estimates have been
given previously for the topography inversion problem. Moreover, we assume that
we can measure the wave amplitude only, and our analysis results in a simple and
fast reconstruction method based on a rigorous simplification of the underlying PDE
that does not rely on localized Fourier- or wavelet analysis. The drawback is that the
limitations of the model are somewhat restrictive in that the depth should not vary very
fast with respect to the wavelength and that it is a linear model, so the waves should
not be too steep.

The paper is organized as follows: in Sect. 1.1,we introduce themathematicalmodel
and the underlying assumptions. In Sect. 2, we first analyze how our model depends
on the topography. We then formulate and analyze the (forward) scattering problem
for water waves by seabed topography. Moreover, we show that for longer waves,
one can simplify the PDE while only introducing a small error; this is valuable as it
greatly simplifies the inverse problem. In Sect. 3, we analyze the inverse problem;
Propositions 3 and 4 are the main results of the paper and show uniqueness and
conditional Hölder-stability of the inverse problem. In Sect. 4, we propose a simple,
fast inversion method and test it on synthetic data, and in Sect. 5, we summarize our
findings and propose some ideas for further inquiry.

1.1 Mathematical Model

We consider an incompressible, irrotational fluid occupying a region

� = {(X , z): X = (x1, x2) ∈ R
2, −d(X) < z < 0}.

Above, the function d(X):R2 → R describes the pointwise water depth, i.e., the
seabed topography, and it is the mathematical object that we are interested in estimat-
ing. We assume that d(X) is on the form d(X) = H0 − h(X), where H0 is the mean
depth and h(X) accounts for the topography. Moreover, we assume h(X) is zero out-
side some compact set � and that d(X) > 0. We will refer to d(X) as the topography
or depth.

1 By dispersive dependence, we mean that waves of different wavelengths depend differently on the topog-
raphy.
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Fig. 1 Plot of an incoming wave scattered by the topography. The wave is the solution to the mild-slope
equation with the shown topography. The units on all axes are meters. Note that the aspect ratio is skewed
for illustration purposes

Under the above conditions, the fluid velocity can be described by the gradient of a
harmonic potential �(X , z, t), and the linearized equations governing the fluid-wave
system read (cf. [1, 28])

⎧
⎨

⎩

∂tη − ∂z�|z=0 = 0, X ∈ R
2,

∂t�|z=0 + gη = 0, X ∈ R
2,

�� = 0, (X , z) ∈ R
2 × (−d(X), 0), ∂ν� = 0, (X , z) ∈ R

2 × −d(X).

(1)

Hereη(X , t) is the surfacewave amplitude, ∂ν is the upward pointing normal derivative
and g is the gravitational acceleration. For a wave η ∼ a exp(k · X − ωt) with
wavenumber k ∈ R

2 and amplitude a, the linearization of the free-surface Euler
equations above is obtained under the assumption that ak ≈ |∇η| � 1, where k = |k|,
and a � min d(X). That is, the waves should not be to steep, and the amplitude should
be smaller than the minimal depth. Figure1 illustrates the situation.

1.2 Waves over Variable Topography and theMild-Slope Equation

It is common in the analysis of water waves to reduce Eq. (1) to a non-local system
of equations on the boundary by introducing the Dirichlet-to-Neumann (DN) operator
G(d), defined as

G(d)ϕ = ∂z�|z=0 where � solves

{
�|z=0 = ϕ, �� = 0 (X , z) ∈ �,

∂ν� = 0 X ∈ R
2, z = −d(X).

We can then express the water waves equations in the so-called Zakharov–Craig–
Sulem formulation [28]:

{
∂tη = G(d)ϕ,

∂tϕ = −gη,

equipped with suitable initial conditions. Many people have analyzed the influence of
topography onwater waves using this formulation. For example, the paper [10] studies
the effect of rough, periodic bottoms on (non-linear) long waves, and in Refs. [4, 33],
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an explicit construction of the DN operator is presented. Moreover, in the paper [35],
the topography inversion problem in 1D is studied using an expansion method for the
DN operator. We refer to Chapter 3 in Ref. [28]) for more details on the properties of
depth dependence of the DN operator.

However, the non-local nature of the DN operator and its strongly non-linear depen-
dence on the topography makes for a less-than-optimal choice of model for the inverse
problem. Instead, we choose to use the so-calledmild-slope equation (MSE). TheMSE
is an elliptic equation describing the scattering of a time-harmonic wave over slowly
varying topography. More explicitly, it is derived from Eq. (1) under the assumption
that

|∇d|
d

≤ δk, where δ � 1. (2)

This condition says that the spatial variation in depth should be small relative to the
wavelength: in terms of the wavelength λ = 2π/k, it reads |∇d|

2πd λ � 1, i.e., the ratio

bottom steepness × wavelength

depth

should be small for the MSE to be a good approximation.
To derive the MSE, one first assumes that the wave and velocity potential is

time-harmonic with frequency ω, i.e., η(X , t) = η̃(X) exp(iωt) and �(X , z, t) =
�̃(X , z) exp(iωt). By taking � to be separable of the form ϕ(X) f (X , z) with
f (X , z) = cosh(k(z + d(X))/ cosh(kd(X)), where k satisfies ω2 = gk tanh(kd(X)),
one can then depth-integrate (1) and discard O(δ2) terms to find that the spatial com-
ponent of η̃ satisfies

∇ · c∇η̃ + k2cη̃ = 0. (3)

This is the mild-slope equation. The coefficient k2 is the square of the magnitude of
the local wave number k, and k satisfies the dispersion relation

ω2 = gk(X) tanh(k(X)d(X)). (4)

The coefficient c = c(X) is given by

c = ω2

2k2(X)c0

(

1 + 2k(X)d(X)

sinh(2k(X)d(X))

)

, (5)

where c0 is a constant2 such that c = 1 outside �. For a detailed derivation, analysis,
and discussion of (3), see Refs. [12] or [32]. In Ref. [7], the mild-slope equation was
shown to have excellent agreementwith finite-element solutions of (1) for δ ≤ 1/3, and
for δ ≤ 1 when the depth contours were parallel to the direction of wave propagation.

2 This is just a re-scaling of the MSE such that it is the constant coefficient Helmholtz equation outside the
area of varying depth.
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We note that there exist different modifications to the MSE for steeper slopes (cf. [32,
39]) and that these models depend on the topography in increasingly intricate ways.

Notice that the quantity of interest in our inverse problem, i.e., the topography d(X),
only enters indirectly through the coefficients k2 and c.

2 Water Wave Scattering

We can divide the scattering of water waves into two main phenomena: One is diffrac-
tion, which is an effect of the boundaries of the surface on the wave. Examples are the
“bending” of a wave past a corner or the spherical expansion of a wave as it passes
through a small hole. The second is refraction; refraction is the changes in wave prop-
erties due to changes in the medium in which the wave propagates. An example of
refraction that can easily be observed is that ocean waves often appear to approach the
shore at a right angle: this is not because all ocean waves propagate with wavefronts
parallel to the shore initially, but because the decrease in local wave velocity due the
decrease in depth causes the wavefront to become parallel to the beach [21].

In this work, we are interested in refraction, especially refraction due to changes in
the water depth.

2.1 Topographic Dependence in theMSE

The effect of the wave virtually disappears at a depth of about one-half wave-
length, and a submarine at such depth is hardly aware of the heavy waves on the
surface.
– Walter Munk, Waves across the Pacific, Documentary.

To get a sense of how water waves are influenced by topography, it is useful to
consider the constant depth setting first. For a monochromatic wave with frequency ω

propagating in the direction k = (k1, k2) on water with depth H0, we have

η(X , t) = a exp(ik · X − ωt),

where the magnitude of the wavenumber k = |k| satisfies ω2 = gk tanh(kH0). The
corresponding bulk water velocity U = ∇� is

U (X , z) = (u, v, w)T = ga

ω
exp(ik · X − ωt)

⎡

⎢
⎣

k1
cosh(k(z+H0))
cosh(kH0)

k2
cosh(k(z+H0))
cosh(kH0)

−ik sinh(k(z+H0))
cosh(kH0)

⎤

⎥
⎦ .

Considering, for example, the ratio of |u(z)|/|u(0)| of the horizontal velocity, we find
that it decays rapidly with depth towards the value cosh(kH0)

−1 ≈ exp(−kH0). At
z = λ/2, we have that

|u(z)|/|u(0)| ≈ exp(π − kH0)

2
≈ 0 for kH0 = 2πH0

λ
	 π.
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Fig. 2 The figure shows the wavenumber k as a function of depth (in meters), for ω in the range 0.5–2. We
see that k approaches the value μ = ω2/g as d increases

Hence, the subsurface fluid velocity decays rapidly with depth, and the motion asso-
ciated with shorter waves (larger k) decays faster. The kinematic interaction with the
bottom at such depths is, therefore, negligible, and the bottom will have very little
influence on the fluid motion in the water and, therefore, on the surface waves.

In the MSE, the topography influences the waves through the coefficients k2 and c.
We recall

k2: ω2 = gk tanh(kd) and c = ω2

2k2c0

(

1 + 2kd

sinh(2kd)

)

.

Neither c nor k are independent parameters in the problem but functions of the topog-
raphy d and the frequency ω. Figure2 shows a plot of k as a function of depth for
some values of ω, and we see that the wavenumber decays rapidly with increasing
depth, eventually tending toward a constant value as d increases. Moreover, the decay
is more rapid for higher frequencies.

Denoting μ = ω2/g, we have

d(k) = tanh−1(μ/k)

k
.

We note the following properties of the wavenumber-to-depth function. For a given
μ, and for α > 0, let Iα = [μ + α,∞).

(i) d(k) is a bijection on the interval Iα and so d is uniquely determined by k ∈ Iα .
The case k = μ corresponds to tanh(kd) = 1 �⇒ d = ∞.

(ii) d(k) is Lipschitz continuous on Iα and the Lipschitz constant Mα,μ satisfies

μ

2(μ + α)2α
≤ Mα,μ ≤ 3

(μ + α)α
. (6)
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Hence, the Lipschitz constant is rapidly increasing as α → 0, showing that the
reconstruction of the depth d(X) from k(X) becomes increasingly unstable as
k → μ. Moreover, for fixed α, Mα,μ is a decreasing function of μ.

The two statements above are deduced by noting that

d ′(k) = k−2
(

μk

μ2 − k2
− tanh−1(μ/k)

)

is negative and strictly increasing on Iα , and applying standard inequalities.

Remark 1 Writing (4) as

μ = k tanh(kd),

we see that μ → k occurs when tanh(kd) → 1. This is the manifestation of the
previously discussed diminishing influence of the bottom on the waves when either
the depth is too great, the wave number is too large, or both. For a numerical example,
assume kd = 3 and μ = 1. Then tanh(3) ≈ 0.995 and μ − k ≈ −0.005. Assuming
we have measured some noisy kε = k + ε for some small ε > 0, the error in the
reconstruction d from kε satisfies

|d(k) − d(kε)| ≤ εM0.005,1 ≤ ε × 101.

This is quite a hopeless bound, as the noise is amplified 100 times.

Even though the coefficient c is redundant with respect to the unique reconstruction
of d, it might carry information that stabilizes the inversion (k, c) �→ d. However, this
is not the case. Combining (4) and (5), we find

d(k, c) =
(
ck

ω2 − 1

2k

)

sinh
(
2 tanh−1 (μ/k)

)
=
(
ck

ω2 − 1

2k

)(
2μk

k2 − μ2

)

,

and the local Lipschitz constant satisfies

‖∇k,cd‖∞ ≥ k

ω2

(
2μk

k2 − μ2

)

,

which is not better than the reconstruction from k alone when k → μ.

2.2 The Scattering Problem

We now formulate the problem of the scattering of water waves by topography.
We consider the following situation: an incoming wave ηi ∼ exp(iki · X) satisfy-
ing (� + k2i )ηi = 0 propagates on water of depth H0 towards an area � ⊂ R

2. It is
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Fig. 3 To the left, we see a contour plot of the depth function d(X) on a 100 × 100 meter domain. To
the right, we see the water wave Re{η(X)} coming in from the left and being distorted as it travels past
the variable depth. The frequency of the wave is ω = 1, and the computation is done using the method
described in Sect. 4.2 and the simplified mild-slope equation from Sect. 2.3

then scattered by the variable topography d(X) and the total wave field η = ηi + ηs ,
where ηs is the scattered wave, satisfies

∇ · c∇η + k2cη = 0 in R2.

The example we have in mind is ocean waves propagating towards an area �

of shallow water and variable topography, e.g., near the coast, but the model is not
limited to this setting. Figures1 and 3 illustrate the situation, and the plotted waves
are produced by numerically solving the scattering problem for the MSE.

To guarantee a unique, outward propagating scattered wave, we require ηs to satisfy
the Sommerfeld radiation condition (cf. [9, 36], or Chapter 1 in Ref. [27] for a physical
explanation). In summary, we now have the following scattering problem: Let� ⊂ R

2

be a smooth, compact domain and d(X) = H0 − h(X) be the topography. Assume
that h ∈ C2

0 (R
2) with supp(h) ⊂ �, that min d(X) = H0 − h(X) > 0, and that d(X)

satisfies the mild-slope condition. For an incoming wave ηi = a exp(iki · X), find the
scattered wave ηs such that

⎧
⎪⎨

⎪⎩

∇ · c∇η + k2cη = 0, in R
2,

η = ηi + ηs, in R
2,

lim|X |→∞
√|X | (∂|X | − iki

)
ηs = 0, uniformly for X/|X | ∈ S1.

(7)

The scattering problem for water waves now very much resembles the classical
acoustic scattering problem, see, e.g., Chapter 8 in Ref. [9] (3D) or Chapter 1 on Ref.
[36] (2D), except for the appearance of the coefficient c and the implicit dependence
on the topography through the coefficients. By utilizing the Liouville transformation,
the well-posedness of the scattering problem is, therefore, quickly established from
existing theory.
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Proposition 1 For an incoming wave ηi = a exp(iki ·X) there exists a unique solution
ηs ∈ C(R2) to the scattering problem (7). The total field η is given by

η = c−1/2η̃,

where η̃ is the solution to

η̃(X) = ηi (X) − k2i

∫

R2
Gki (X ,Y )q(Y )η̃(Y )dY . (8)

Here, Gki (X ,Y ) = i
4H

(1)
0 (ki |X−Y |) is the Hankel function of the first kind and order

0, and

q = 1 − 1

k2i

(

k2 − �c1/2

c1/2

)

.

Proof First, note that c(X) > 0 and c ∈ C2. We apply the Liouville transformation to
η: setting η̃ = c1/2η, one finds that η̃ satisfies

�η̃ + k̃2η̃ = 0, (9)

where k̃2 = k2 − �c1/2

c1/2
. As c = 1 outside �, the radiation condition is unaltered, and

the scattering problem can now be written

⎧
⎪⎨

⎪⎩

�η̃ + k̃2η̃ = 0, in R
2,

η̃ = ηi + η̃s, in R
2,

lim|X |→∞
√|X | (∂|X | − iki

)
η̃s = 0, uniformly for X/|X | ∈ S1.

(10)

The fundamental solution satisfying (� + k2i )Gki (X ,Y ) = −δ(|X − Y |) and the

radiation condition is Gki (X ,Y ) = i
4H

(1)
0 (ki |X − Y |) (Section 1.2 in Ref. [36]), and

by writing

�η̃ + k2i η̃ = k2i

(

1 − k̃2

k2i

)

η̃,

and using that (� + k2i )ηi = 0, we obtain the so-called Lippmann–Schwinger
formulation of (10) (cf. [9] for a full proof of the equivalence of the PDE and
Lippmann–Schwinger formulation):

η̃(X) = ηi (X) − k2i

∫

R2
Gki (X ,Y )q(Y )η̃(Y )dY , X ∈ R

2. (11)
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Since q(Y ) = 0 for Y /∈ �, we define the integral operator

Vu(X) = k2i

∫

�

Gki (X ,Y )q(Y )u(Y )dY , X ∈ R
2. (12)

From Ref. [36], the fundamental solution Gki (X ,Y ) has the asymptotic behavior

Gki (X , Y ) ∼
{
i
√

1
8πr exp(iki (r − π

4 ) (1 + O(1/r)) , r = |X − Y | → ∞,

− 1
2π log(r) + C + O(r2 log(r)), r = |X − Y | → 0.

(13)

Hence, Gki (X ,Y ) is weakly singular, and it follows that for any compact set V ⊂ R
2

containing �, V :C(V) → C(V) is compact [26, Chapter 2]. Writing (11) as

(I + V )η̃ = ηi , (I + V ):C(V) → C(V), (14)

we can apply Fredholm theory and conclude that the above equation has a unique
solution η̃ ∈ C(V) that depends continuously on ηi if and only if the only solution to
(I + V )η̃ = 0 is η̃ = 0 [26, Chapter 4]. This is indeed the case, and follows from the
uniqueness of the Helmholtz equation with radiation condition, and proofs of this can
be found in Refs. [9, 22, 23, 36]. Last, when η̃ is found, the extension of the solution
outside V is given by (11). ��

2.3 A Simplification of theMild-Slope Equation

From the considerations in Sect. 2.1, it is clear that not much is gained towards the
goal of reconstructing the topography d(X) from knowing both c and k. Still, the two
coefficients appear in a very entangled way, and so it is not evident from (3) if it is
possible to reconstruct only k. However, the special form of the MSE allows for a
simplification. Expanding (3) and dividing by c we have

�η + ∇c

c
· ∇η + k2η = 0.

If the term ∇c
c · ∇η is negligible, we can instead work with the simplified equation

�ζ + k2ζ = 0, that is, Eq. (7) with c = 1. The following proposition says that
under the assumptions of the mild-slope equation, the simplification is valid when the
maximal wavenumber k is not too large and when the term |�d|/d is not very large,
i.e., when the bottom does not have small rapid oscillations near the surface.

Proposition 2 Assume the depth d satisfies the mild-slope conditio (2). For an incom-
ing wave ηi = a exp(ki · X) with aki ≤ ε � 1, let η be the solution to (7) and let ζ

be the solution to (7) with the coefficient c = 1. Then

‖η − ζ‖∞ ≤ Cεδ‖k‖∞
(

ki + (1 + 4δ)‖k‖2∞
ki

+ ‖�d/d‖∞
ki

)

,
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where δ � 1 is the mild-slope coefficient and C is some constant depending �.

Proof In the Appendix, the following estimates are derived:

|∇c|
c

≤ 5|∇d|
4d

and k2i ‖q‖∞ ≤ k2i + (1 + 4δ)‖k‖2∞ + ‖�d/d‖∞. (15)

We now estimate ∇η. From (11), we have

∇η = ∇ηi − k2i

∫

�

∇Gki (X ,Y )q(Y )η(Y )dY . (16)

By Eq. (13), we have that ∇Gki (X ,Y ) ∼ 1/|X − Y | as |X − Y | → 0, and so

∫

�

∂xi Gki (X ,Y )q(Y )η(Y )dY :C(V) → C(V)

is weakly singular on R
2 and hence bounded [26, Chapter 2]. As η depends continu-

ously on ηi follows that

‖∇η‖∞ ≤ Ck2i ‖ηi‖∞‖q‖∞

for some constant C depending on �. We now set ϕ = ζ − η, and find that ϕ satisfies

�ϕ + k2i ϕ = k2i (1 − k2/k2i )ϕ + ∇c · ∇η

c
.

Using (12), we write

(I + V )ϕ = f , f =
∫

�

Gki (X ,Y )

(∇c · ∇η

c

)

(Y )dY .

By (15) and the mild-slope condition (2), we have that ‖∇c/c‖∞ ≤ 5
4δ‖k‖∞, and so

‖ϕ‖∞ ≤ C‖ f ‖∞ ≤ Ck2i ‖η̃i‖∞‖q‖∞
5

4
δ‖k‖∞.

With ‖ηi‖∞ = a we get
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‖η(X) − ζ(X)‖∞ ≤ Cεδ‖k‖∞
(

ki + (1 + 4δ)‖k‖2∞
ki

+ ‖�d/d‖∞
ki

)

.

��
Remark 2 Oceanwaves are relatively longwaves, and so their wavenumbers are small.
In Ref. [21, Chapter 6], it is shown that for wind-generated ocean waves in the linear
regime in deep water, the average wave period is T ≈ 2π , and this also agrees well
with experimental findings. Consequently, ω = 2π/T = 1, and so the corresponding
wavenumber for the incoming wave is ki = ω2

g ≈ 1/10, and if, say, min(d(X)) = 0.5,
then ‖k‖∞ ≈ 0.2. It thus seems like a reasonable choice to use the simplified version
of the MSE with c = 1.

2.4 WaveMeasurements

The surface wave field ζ associated with η is of course not complex-valued, but given
by

ζ(X , t) = Re {η(X) exp(iωt)} = Re {η(X)} cos(ωt) − Im {η(X)} sin(ωt).

Hence, observing ζ(X , t) at a single instant does not determine the spatial wave pattern
η(X). However, observing it at two instants t1 and t2, we have

[
ζ(X , t1)
ζ(X , t2)

]

=
[
cos(ωt1) − sin(ωt1)
cos(ωt2) − sin(ωt2)

] [
Re {η(X)}
Im {η(X)}

]

and the matrix is invertible when sin(ωt1) �= 0 and t2 �= t1 + πn
ω

, n ∈ Z. If one
observes ζ(X , t) for t ∈ [0, T ] for T large enough, one can also compute η(X) by
the Fourier transform. This is beneficial when the total wave field is a superposition
of waves with different frequencies and then

η(X) = F
⎛

⎝
∑

ωn∈�

ζ(X , t;ωn)

⎞

⎠ (ω)

where � is a set of frequencies and ζ(X , t;ωn) = Re {η(X;ωn) exp(iωnt)} were for
each ωn ∈ �, η(X;ωn) is the solution to (7) with ω = ωn and some incoming wave
ηi,n .

Remote Sensing of the Wave Field

There are several methods to measure the wave amplitude η. Using only images or
video, one can use the pixel intensity and the angle of the incoming sunlight to estimate
η [3]. Using stereo vision techniques, where two or more video cameras record the
same scene, it is possible to use feature extraction and triangulation to estimate the
surface elevation ζ(X , t) [6, 20, 45]. In the paper [24], a new LiDAR-based method is
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investigated for real-time observation of the pointwise wave height. We will assume
that we have one of these methods at hand and that we can measure η(X) on the
domain with variable topography.

We define the wave measurements as follows. Let D be a domain containing � =
supp(h) and let {Xi }Ni=1 ⊂ D be a discrete set of points inD. Let ε ∈ L2(D)∩ L∞(D)

be an unknown function representing the noise and inaccuracies in the measurement
of η(X). We set

M = η(X)|D,

Mε = η(X)|D + ε,

Md
ε = {η(Xi ) + ε(Xi )}Ni=1.

We now have in place what we need to consider the inverse problem.

3 The Inverse Problem

Based on Proposition 2, we work with the simplified MSE, i.e., we assume our wave
satisfies Eq. (7) with c = 1. The first proposition is a uniqueness result for the deter-
mination of the topography in the case of a perfect, continuous measurement M.

Proposition 3 ThemeasurementM uniquely determines the topography d(X). In fact,
knowing η(X) on any open set O ⊂ R

2 uniquely determines d(X).

Although the uniqueness is important and interesting in itself, the question of sta-
bility is the most important for applications. As any real measurement will suffer from
noise and other inaccuracies, it is crucial to know that one is still able to reconstruct
useful information about the quantity of interest. However, as we saw in Sect. 2.1, one
cannot hope to accurately reconstruct d(X) from the knowledge of a noisy wavenum-
ber kε(X) when kε(X) ≈ μ = ω2/g. We, therefore, propose the truncated depth
function dα:

Definition 1 For α > 0 and μ = ω2/g, define dα by

dα(k) =
{

tanh−1(μ/k))
k , for k ≥ μ + α,

tanh−1(μ/(μ+α))
μ+α

, for k < μ + α.

Truncating d(k) at k = μ + α, we discard wavenumbers too close to the critical
value μ, and aim only to reconstruct d(X) up to the maximal depth dmax = d(μ+α).
If k(dmax) ≥ μ + α, then dα(k) = d(k).

As dα has Lipschitz constant Mα,μ ≈ 1
α2 , it is clear that if α is large enough,

reconstruction of dα from kε is stable, but the pricewe pay is that we get no information
about d(X) when k(X) < μ + α. One can, of course, set dα(k) = H0 (or any other
value) when k < μ + α.
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Remark 3 For a given truncation parameter α and frequency ω, we can estimate the
maximal depth that will be reconstructed. Using the approximation3 tanh(x) ≈ x/(1+
x2)1/2 (see Ref. [5]), we find from (4) that

k ≈

√

μ2 + μ
√

μ2d2+4
d√

2
,

and requiring k ≥ μ + α, we find that

dmax ≈ μ√
α
√

α3 + 4α2μ + 5αμ2 + 2μ3
.

Moreover, if dmax is known, then one can choose α such that

α =

√

μ2 + μ
√

μ2d2max+4
dmax√

2
− μ.

Another fundamental problem for the inverse problem is that for subsets N ⊂ D
such that Mε|N ≈ 0, i.e., areas where the noisy measurement is approximately
zero, we cannot hope to discern any useful information about k(X). The solution
is to partition the domain into two sets: one where the measurement is of sufficient
magnitude, and we can hope to reconstruct the depth, and one where we cannot.
However, as the underlying PDE in our problem is linear, any constant multiple of the
solution will satisfy the equation. Hence, introducing sets where the measurement is
too small needs to be unambiguouswith respect to scaling by a constant.We, therefore,
define the following subset of D:

Definition 2 For 0 < γ ≤ 1, let Dγ =
{
X ∈ D: |Mε(X)|

‖Mε‖∞ ≥ γ
}
.

Hence, for a given γ , the set Dγ is the set on which we will attempt to reconstruct
the topography.

We are now ready to state our main result.

Proposition 4 For α > 0 and 0 < γ ≤ 0, let dε
α be the reconstruction of dα from a

noisy measurement Mε. Then it holds that

‖dε
α − dα‖L2(Dγ ) ≤ Cγ −1/2

(
3ki

α(α + μ)

)√
‖Mε − M‖L2(D),

where the constant C satisfies

C =
(

|D|1/2
(

‖q‖∞ + C̃
√

‖qη‖H2(D)/k
2
i

))1/2

,

3 Numerical investigation shows that the maximal error in k using this approximation, for d ∈ [0.2, 100]
and ω ∈ [0.5, 1.5], is ε ≈ 0.015, and this occurs for ω = 1.5.
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and |D| denotes the area of the measurement domain.

Remark 4 The above result expresses the main instability mechanism of the inverse
problem. If we want to either reconstruct the topography in a potentially deep area or
reconstruct the topography from waves with a high wavenumber, we need to choose
α very small, as then tanh(kd) ≈ 1 and k ≈ μ. But choosing α small results in a large
constant C and increasing uncertainty in the reconstructed topography. Similarly (but
less fatal in practice), for the choice of a lower bound γ , i.e., the threshold for which
we say that we that a noisy measurement is too small and yields no useful information,
we see that when γ → 0 the constant blows up. On the other hand, we can choose
α or γ (or both) large; this reduces the constant and hence increases stability but
limits the depth we can reconstruct or the region Dγ where we can reconstruct the
topography. In any case, we can conclude that longer waves should result in a more
stable reconstruction of the topography but that if the water is too deep, reconstruction
will be unstable.

To prove the above propositions, we consider the inversion in two steps:

1. Given a measurement M or Mε, reconstruct q(X) = 1 − k(X)2/k2i .
2. Reconstruct the truncated depth function dα(X) from q(X).

For the reconstruction of q we proceed as follows: rearranging (11), we have that

M(X) − ηi (X) = k2i

∫

D
Gki (X ,Y )M(Y )q(Y )dY , X ∈ D.

Writing

bε = Mε − ηi and Ku =
∫

D
Gki (X ,Y )u(Y )dY , (17)

we consider the problem

Find u such that k2i Ku = bε. (18)

As K is a compact operator, solving this equation for u is a Fredholm equation of
the first kind and the classical example of an ill-posed problem. If we can solve
it, we get in the case of exact measurement M that q = u

M , and consequently
k(X) = ki

√
1 − q(X). For noisy measurements, however, both the inversion of K

and division byMε require further investigation. The following properties show that
the problem of finding u is only mildly ill-posed and that one can obtain an optimal
stability estimate using Tikhonov regularization.

Proposition 5 The operator K : L2(D) → L2(D) is compact and injective, and there
are constants 0 < c ≤ C such that the singular values of K satisfy

cn−1 ≤ sn(K ) ≤ Cn−1 for n = 1, 2, 3, . . . .
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The degree of ill-posedness can be quantified by the decay of the singular values
of the operator, and the above result shows that sn(K ) ∼ n−1. Hence, the decay is not
too severe, and the inverse problem of finding u from Ku = b is then said to bemildly
ill-posed [34, Chapter 3].

To find an approximate solution to (18) from noisy data, we consider the classical
Tikhonov regularization. Let λ > 0 be the regularization parameter, and let uλ

δ be the
minimizer of the Tikhonov functional, i.e.,

uλ
δ = argminu∈L2(D)‖bε − k2i Ku‖2L2(D)

+ λ‖u‖2L2(D)
, (19)

where bε = Mε − ηi (see, e.g., Ref. [18]). We then have the following result:

Proposition 6 Let δ > 0 and assume ‖Mε − M‖L2(D) ≤ δ. Then there exists λ > 0
such that

‖uλ
δ − u‖L2(D) ≤ C

√
‖u‖H2(D)

√
δ

ki

for some constant C > 0, where uλ
δ is the solution to (19).

The above optimal accuracy holds as u in (18) is shown to satisfy a so-called
source condition. It shows that the error in the regularized solution uλ

δ is bounded by
the measurement error and is the main result leading to Proposition 4. As the proofs
of these propositions are a bit lengthy, we have moved them to the Appendix.

4 ReconstructionMethod and Numerical Experiments

In this section, we investigate the inverse problem numerically. We propose a simple
inversion method for discrete, noisy data Md

ε , and test the method for two different
topographies and two different incoming waves.

4.1 A Simple ReconstructionMethod

The formulation used to prove the stability properties in Sect. 3 can, in principle,
be used to solve the inverse problem. However, the fact that we need to subtract the
incoming wave from the measurement and invert a possibly very large matrix that
depends on the possibly uncertain wavenumber ki of the incoming wave makes it
less than ideal. We instead propose a very simple method based on the following
observation: As the wave field η is assumed to satisfy the simplified MSE, we have
that

− �η = k2η in D. (20)

For ε > 0, let the set �ε be such that � ⊂ �ε ⊂ D and

min(dist(∂�ε,�), dist(∂�ε,D)) > ε.
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Let ϕ ∈ C∞
0 (R2) be a smooth cut-off function such that ϕ|� = 1 and ϕ|R2\�ε

= 0.
Then

−�(ϕη) = u

where u = ϕk2η − ∇ϕ · ∇η − η�ϕ and so u|� = ηk2. With η replaced by Mε,
we need to apply the Laplacian to the noisy measurement Mε to estimate u = ηk2.
Differentiating noisy data is, of course, an ill-posed problem, and so we need a reg-
ularization method. Recalling that true wave η should have a wavenumber k ≈ ki ,
and that, by assumption, ki is small, a natural idea is to apply a low-pass filter toMε

before we apply −�. More precisely, let Gσ be a Gaussian low-pass filter given by

GσMε(X) =
∫

D
gσ (X ,Y )ϕ(Y )Mε(Y )dY , gσ (X ,Y ) = 1

2πσ 2 exp

(

−|X − Y |2
2σ 2

)

.

We now have that

�(GσMε)(X) =
∫

D
�X gσ (X ,Y )ϕ(Y )Mε(Y )dY .

Assumingnow that themeasurement domain is rectangular,D = (0, L)×(0, L),we
denote by {vn}n∈Z2 the usual Fourier basis, i.e., vn = L−1 exp(2π i(n1x1 + n2x2)/L),
and let

F(g)[n] =
∫

D
vn(Y )g(Y )dY , n ∈ Z

2.

If we assume that 3σ ≤ L/2 (i.e., the Gaussian is essentially supported in D), we
have

F((�gσ )((L/2, L/2), ·))[n] ≈ L−3|n|2 exp
(
−2π2σ 2|n|2/L2

)
,

and so, by the convolution property of Fourier series,

F (�(GσMε)) [n] ≈ F((�X gσ )((L/2, L/2), ·))[n]F(ϕMε)[n]
= L−3|n|2 exp

(
−2π2σ 2|n|2/L2

)
F(ϕMε)[n], n ∈ Z

2.

Hence, we obtain a regularized reconstruction Uσ of u|� = ηk2 by

Uσ (X) = F−1
(
L−3| · |2 exp

(
−2π2σ 2| · |2/L2

)
F(ϕMε)[·]

)
(X), X ∈ �.

(21)

For the second step of the inversion, we use a simple, regularized division. LetMσ
ε =

GσMε, and for γ > 0, set

k2σ (X) = |Uσ (X)|
|Mσ

ε (X)| + γ
, X ∈ �. (22)
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As a heuristic for choosing σ , we use the assumption that the magnitude of the
wavenumber of η should be close to ki . Hence, we do not want to suppress too much
the frequencies kn = 2π |n|2/L2 in our Fourier representation when kn ≈ ki . Based
on (21), we, therefore, choose σ such that σ 2πk2i < 1. Once k2σ is computed, we
choose a suitable α > 0 and reconstruct dε

α from kε.

Discrete Reconstruction

For simplicity, we now assume that the discrete, noisy measurementMd
ε is uniformly

sampled on domain Dd = (nL/N ,mL/N )N−1
n,m=0. By the above considerations, we

then suggest the following reconstruction method:

1. Given the incoming wavenumber ki , choose σ such that k2i πσ 2 < 1
2. Let gσ (L/2, L/2,Dd) and �gσ (L/2, L/2,Dd) denote the matrices consisting

the values of the Gaussian kernel and its Laplacian, respectively, centered in the
middle of D and evaluated at Dd . We denote their discrete Fourier transforms
(DFTs) by Ĝd and ˆ�Gd , respectively.

3. Compute the DFT M̂d
ε of the measurement Md

ε . Compute

Ud
σ = F−1

DFT

(
M̂d

ε ◦ ˆ�Gd
)

,

Md
σ = F−1

DFT

(
M̂d

ε ◦ Ĝd
)

,

where F−1
DFT is the inverse DFT and ◦ denotes elementwise matrix multiplication.

4. Choose γ > 0 and α > 0 and compute

kε =
√

|Ud
σ |

|Md
σ | + γ

and dα(kε).

The choice of γ and α should be based on apriori knowledge of the expected depth,
the properties of the incoming wave and the noise level, as outlined in Remark 4.

To test the proposedmethod,wemust compute the solutions to themild-slope equation.

4.2 Numerical Solution of the Forward Problem

We discretize the weakly singular integral operator

(Kq)u(X) =
∫

D
Gki (X ,Y )q(Y )u(Y )dY , X ∈ D

using the 4th order Duan–Rokhlin quadrature method [13]. For L > 0 and N ∈ N, let

D = (0, L) × (0, L) and let Dd = {Xn}(N−1)2

n=0 be a uniform discretization of D, with
Xn = (i(n)h, j(n)h), suitable index functions i(n), j(n) and step size h = L/N . We
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define the discrete operator (Kq)d ∈ C
N2×N2

as

(Kq)dm,n = h2g(m, n, q) for 0 ≤ m, n ≤ (N − 1)2,

where

g(m, n, q) =
{

i
4H

(1)
0 (ki |Xm − Xn|)q(Xn), m �= n,

α0/h2q(Xn) ,m = n,

and α0 is a diagonal correction term and is computed as in Lemma 3.9 in Ref. [13].
With (Kq)d at hand, it is straightforward to solve the forward scattering problem

using the Lippmann–Schwinger formulation. For a discretized incoming wave ηdi , one
solves the discretized equation

(I + k2i (Kq)d)ηd = ηdi . (23)

The waves plotted in Figs. 1 and 3 are found by solving the above problem, and due to
the high-order method and low wavenumbers involved, the discretization parameter
N does not have to be very large to obtain accurate results.

4.3 Experiments

For the numerical experiments, we consider two different topographies, and for each,
we consider incomingwaveswith two different frequencies. The first, shallower topog-
raphy d1 is shown in Fig. 3, and the second, deeper topography d2 is shown in Fig. 4,
both together with the resulting scattered wave with ω = 1, and both satisfy the mild-
slope condition (2). The following summarizes the setup of the numerical experiments:

• The measurement domain D is a square with side lengths L = 100m.
• For each topography d1, d2 we consider incoming waves with frequencies ω1 = 1
and ω2 = 2.

• The measurement grid Dd is a set of 100 × 100 equispaced points in D as
in Sect. 4.1. The measurement Md is found by linearly interpolating the solu-
tion η computed on a finer grid and sampling it onDd . Each depth profile is on the
form d j = H0, j −h j , and we assume the wavenumbers of the incoming waves are
one the form k = (k, 0). We, therefore, have for each depth profile the incoming
wave ηi, j,n = a exp(ki, j,n · X) where

ki, j,n satisfies
ω2
n

g
= ki, j,n tanh(ki, j,nH0, j ), j = 1, 2, n = 1, 2.

As H0,1 = 1.5 and H0,1 = 2.5, we get

ki,1,1 = 0.267, ki,1,2 = 0.581, , ki,2,1 = 0.211, ki,2,2 = 0.486.

As we are in the linear regime, the amplitude a should fulfill ak � 1, and we can
take a = 0.3.
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Fig. 4 To the left is a contour plot of the deeper topography d2(X), and to the right, we see the water wave
Re{η(X)}

• In reality, the water surface will, under most conditions, deviate quite a lot from
the smooth solution η of the mild-slope equation. Small, local ripples generated
by wind, turbulence, non-linear effects like wave-breaking, optical reflections,
and the fact that the full wavefield is likely to be a superposition of many waves
make abundant the possible sources for the measurement Md

ε to deviate from
the model wave η. It is beyond the scope of this paper to investigate these matters
properly. Instead,we choose the simplest strategy, and add 10% relative noise to the
measurements. The noise will be taken from a identically distributed, independent
Gaussian distribution, i.e., εd ∼ N (0, Idσ 2), and scaled such that

‖εd‖2
‖Md‖2 = 0.1 and Md

ε = Md + εd .

• We solve the inverse problemwith dataMd
ε as outlined in Sect. 4.1, and denote the

reconstructed wavenumbers corresponding to the incoming wave ki, j,n by kε, j,n

(we the same labeling for other reconstructed quantities). For the reconstruction
from incoming waves with ω1, we take σ = 2.5 and γ = 0.001, while for ω2 with
take σ = 1.5 and γ = 0.001. In both cases we use α = 0.1.

• Results are shown Figs. 5, 6 and 7, and error norms are given in Table 1. All
reconstructions have been truncated near the edges, due to the numerically induced
errors there.

Results from Numerical Experiments

Figure 5 shows the true topographies together with the reconstructed topographies for
the different frequencies of incoming waves. In Fig. 6, we plot the relative error for
the same reconstructed topographies, and Fig. 7 shows the absolute error.

For the longer incoming waves (ω = 1), we see that we get satisfactory recon-
structions for both the shallow and deep topographies, and that the whole depth range
is reconstructed quite well. In the reconstruction of d2, we see that both the relative
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Fig. 5 On the top left and right are contour plots of the depth functions d j (X) on a 100×100 meter domain.
In the middle row are the reconstructions of the profiles dα(kε) from the incoming waves with ω = 1, and
in the bottom row, the reconstructions dα(kε) from the incoming waves with ω = 2

absolute error increase slightly in shallower areas. This seems to be a consequence of
the fact that shallower water correspond to higher wavenumbers, and that the low-pass
filter we use suppresses the higher frequencies more. Moreover, one can see certain
artifacts in the reconstructions corresponding to Mε ≈ 0. These artifacts appear
mostly near the edges, but also some places in the interior, for example in the deep-
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Fig. 6 Relative errors (in percentages) of the reconstructions shown in Fig. 5

est region of d2. In potential applications, such artifacts can easily be identified and
removed.

In the reconstructions from the shorter waves (ω = 2), results are not so good.
For the shallow waters, the topography is still visible, but the relative error is close
to 100% in the shallower regions. For the deep topography, we see that we basically
get no useful information, indicating that the combination of wavenumber and depth
is outside the range of applicability of the method. The fact that the error is small in
the deeper region results from the fact that the dα(kε) ≈ H0 when kε < μ + α. Had
this not been the case, the error could have been much larger, but the assumption that
the bottom satisfies the mild-slope condition limits the maximal depth difference in a
given region, and so it also limits the error in dα . In Fig. 8, the waves corresponding
to ω = 2 are plotted. When comparing to the very visible scattering patterns observed
in Figs. 3 and 4, it is clear that the influence from the bottom is less visible in the
shorter waves, giving an intuitive explanation for the poor reconstruction results from
the shorter waves.

We have also conducted the numerical experiments using a numerical method based
on the integral equation formulation in (17) and using Tikhonov regularization, and
the results were quite similar to those presented above but much more cumbersome to
implement, as it requires generating huge linear systems.
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Fig. 7 Absolute errors of the reconstructions shown in Fig. 5

5 Conclusion

We have analyzed the problem of reconstructing the seabed topography from obser-
vations of water waves scattered by the depth variations. We modeled the waves using
the mild-slope equation and showed that for longer waves, the equation can be simpli-
fied, making it more suitable for inversion. We then showed that the inverse problem
is conditionally Hölder-stable, with a constant that depends explicitly on the critical
parameters α, γ , and μ. Moreover, we proposed a simple and fast inversion method
and tested it on synthetic data, and the results confirmed the analysis in Sects. 2 and
3 and showed that the inversion method works quite well.

We may, therefore, conclude that for physical conditions satisfying the mild-slope
equation, and if the incoming waves are sufficiently long compared to the depth, it is
possible to stably reconstruct the seabed topography.

We hope that the approach taken to estimating seabed topography in this paper
will be of interest both to oceanographers and mathematicians (and others). For real
applications, it gives a simple reconstruction method together with a concrete set of
assumptions on the waves and seabed for the method to be applicable and give reli-
able results. For mathematicians, the analysis of inverse problems for water waves
presents many interesting problems; specifically, the large number of different asymp-
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Table 1 Relative errors, L2-norm

‖d1 − dα(kε,1,1)‖2
‖M1,1‖2

‖d2 − dα(kε,1,2)‖2
‖M1,2‖2

‖d1 − dα(kε,2,1)‖2
‖M2,2‖2

‖d2 − dα(kε,2,2)‖2
‖M2,2‖2

0.27 0.58 0.60 1.3

Fig. 8 The plot shows the real part of the wave η corresponding to the frequency ω = 2. On the left is the
wave propagating over the topography d1, and on the right the wave is propagating over the topography d2

totic models that exist for water waves, each describing different regimes, should be
of interest. The fact that full wave field can be observed means that one has access
to more information than for the usual inverse problems for, e.g., electromagnetic or
acoustic waves, where one usually measures the wave field at points or on a surface.
In addition, there are many other physical processes in the ocean that influence the
surface waves. Currents, internal waves, and turbulence are examples of processes that
are difficult to measure directly but might be possible to estimate due to their effect
on the surface waves, giving rise to interesting and challenging inverse problems.

Appendix

This section contains the proofs of Propositions 3–6 and the derivation of the estimates
used in the proof of Proposition 2.

Proof of Proposition 5 The injectivity of K follows from the uniqueness of the source
problem for the Helmholtz equation: Assume there are v �= ṽ both given by Kũ.
Then v − ṽ = V |D, where V satisfies (� + k2i )V = 0 in R

2 and the radiation
condition, and consequently V = 0. The compactness follows from the fact that
K : L2(R2) → H2

loc(R
2) and that H2(D) is compactly embedded in L2(D).

To estimate the singular values of K , we rely on Theorem 2.6 in Ref. [25]. It states
that for a (classical) compact pseudo-differential operator (PDO) A: L2(M) → L2(M)

of order−m, whereM is a smooth n-dimensional manifold, and such that the principal
symbol is non-vanishing for some (x0, ξ0) ∈ T ∗M , the singular values sk(A) of A
satisfies ck−m/n ≤ sk(A) ≤ Ck−m/n , for constants 0 < c ≤ C . (Both the necessary
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background on PDOs and the results used in the rest of the proof are found in chapters
6 & 7 in Ref. [22])

To apply this theorem,wewrite K = χDV , where Vu(X) = ∫

D Gki (X ,Y )u(Y )dY
and χD is the characteristic function for D. Following the development in Chapter
7, [22], we note that the kernel of V , Gki (X ,Y ) = i

4H
(1)
0 (k|X − Y |) = g(z), is

pseudohomogeneous function of order 0 with respect to z = X − Y . Consequently,
we can use Theorem 7.1.1 in Ref. [22] that identifies when an integral operator is a
PDO, and since we are in R

2, we conclude that the operator V is a classical PDO of
order −2.

Next, let Dδ ⊂ D be a smooth domain such that 0 < dist(∂Dδ, ∂D) < δ,
and let ϕδ ∈ C∞

0 (D) be a characteristic function on Dδ . We define Kδ = ϕδ(x)V .
Then Kδ : L2(D) → L2(D) is a PDO of order −2, and its symbol is
q ∼ ϕδ(x)(k2i − |ξ |2)−1g(ξ), where g is a smooth cut-off function such that g(ξ) = 0
for |ξ | = ki and g(ξ) = 1 for |ξ | 	 ki . Hence, the principal symbol is non-vanishing
for some (x0, ξ0) ∈ T ∗D and we can apply the result from Ref. [25] to Kδ . We now
use the fact that we can bound the difference between the singular values of compact
operators by the difference of the operators [16, Corollary 2.3], i.e.,

|sn(K ) − sn(Kδ)| ≤ ‖K − Kδ‖L(L2(D),L2(D)), n = 1, 2, 3 . . . (24)

We write v f = V f . Moreover,

‖v f ‖L∞(D) = sup
X∈D

∣
∣
∣
∣

∫

Dδ

Gki (X ,Y ) f (y)dY

∣
∣
∣
∣

≤ sup
X∈D

‖Gki (X , ·)‖L2(D)‖ f ‖L2(D).

As X �→ ‖Gki (X , ·)‖L2(D) is continuous it has a maximum Xm in D. Let BXm ,R be a

disk of radius R centered at Xm and containing D. As |H (1)
0 (z)|2 = J 20 (z) + Y 2

0 (z),
we have for R large enough that

‖Gki (Xm, ·)‖2L2(D)
≤ 1

16

∫ R

0
|H (1)

0 (kir)|2rdr

= R2

32

(
J 20 (ki R) + J 21 (ki R) + Y 2

0 (ki R) + Y 2
1 (ki R)

)
≤ R

πki
.

Here, Jn,Yn are, respectively, Bessel functions of the first and second kind and order
n, and the last inequality follows from their asymptotic expansions J 2n (r) ∼ Y 2

n (r) ≤
2 × 2

πr for large r . (cf. Chapter 9 in Ref. [2]). We then compute

‖K − Kδ‖L(L2(D),L2(D)) = sup
‖ f ‖L2(D)

≤1
‖v f (1 − ϕδ)‖L2(D)

≤ sup
‖ f ‖L2(D)

≤1
‖v f ‖L∞(D)‖1 − ϕδ‖L2(D)
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≤
√

R

πki
‖1 − ϕδ‖L2(D).

As the term ‖1 − ϕδ‖L2(D) can be made arbitrary small by decreasing δ, it follows
from (24) that

|sn(K ) − sn(Kδ)| ≤ ε n = 1, 2, 3, . . .

for any ε > 0, and so there exist 0 < c ≤ C such that

cn−1 ≤ sn(K ) ≤ Cn−1 for n = 1, 2, 3, . . . .

��
Proof of Proposition 3 As K is injective, there exists a unique solution u = Mq to the
equation k2i Ku = b = M− ηi . Consequently q = u/M and k(X) = ki

√
1 − q(X),

and so d(X) = tanh−1(μ/k(X))
k(X)

.
For the local uniqueness result, we apply the unique continuation property. The

unique continuation property states that if u ∈ H1(D̃) satisfies Lu = 0, where D̃ ∈ R
n

is a bounded Lipschitz domain and L is a second-order elliptic differential operator
with continuous coefficients, then u|O = 0 implies u = 0, where O ∈ D is any
non-empty, open set (cf. Section 2 in Ref. [8]).

As the wave η satisfies the MSE, and the MSE is a second-order elliptic PDE with
continuous coefficients, we may apply unique continuation property to conclude that
for any O is any non-empty open set in R2, a local measurementM = η|O uniquely
determines η on the set D, and so it uniquely determines d. ��
Proof of Proposition 6 We write (18) as Ku = b/k2i and note that

‖bε/k
2
i − b/k2i ‖L2(D) = ‖k−2

i (Mε − M)‖L2(D) ≤ δ/k2i .

Let uλ
δ be the solution to (19). The approximation error ‖uλ

δ − u‖L2(D), between the
regularized and true solution to Ku = b is bounded when the true solution u satisfies a
so-called source condition. For example, Theorem 8.4 in Ref. [18] states that if R(K )

is dense in L2(D), ‖bε − b‖L2(D) ≤ δ for some δ > 0 and u is on the form u = K ∗w,
where K ∗ is the adjoint of K and w ∈ L2(D)), then there exists λ > 0 such that
‖uλ

δ − u‖L2(D ≤ 2
√‖w‖L2(D)

√
δ.

We now show that u satisfies this source condition. It is a quick computation to
show that the adjoint of K is K ∗w = ∫

D G(X ,Y )w(Y )dY , where G(X ,Y ) denotes

the complex conjugate. In fact,G(X ,Y ) = − i
4H

(2)
0 (ki |X−Y |) is the Hankel function

of second kind and order 0. This is the fundamental solution to the Helmholtz equation
with incoming radiation conditions [23, 40]. Therefore, v = K ∗w is given by v = V |D
where V is the unique solution to (� + k2i )V = −w in R

2 satisfying the incoming
radiation condition

lim|X |→∞
√|X | (∂|X | + ik

)
V = 0, uniformly for X/|X | ∈ S1.
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We show that there exists a w ∈ L2(D) such that u = ηq = K ∗w. For the contrast
functionq = 1− k2

k2i
wehave supp(q) = supp(h) = � ⊂ D and so supp(u = ηq) ⊂ D.

By assumption of Proposition 1, d(X) ∈ C2(�), and so is q, and in the proof of
Proposition 2, we saw that η(X) ∈ C1(R2). Consequently, u = ηq ∈ C1

0(�). As in
the proof of Proposition 2, ∂xi Gki (X ,Y ) ∈ L2

loc(R
2), and so differentiation of the

convolution operator satisfies

∂xi

∫

R2
Gki (X ,Y )u(Y )dY =

∫

R2
∂xi Gki (X ,Y )u(Y )dY =

∫

R2
Gki (X ,Y )∂xi u(Y )dY .

It follows that

∂2xi ,x j

∫

R2
Gki (X ,Y )u(Y )dY =

∫

R2
∂x j Gki (X ,Y )∂xi u(Y )dY ,

the since ∂x j Gki (X ,Y ) is weakly singular on R
2, the above operator maps C(R2) to

C(R2). Recalling that

η = ηi − k2i

∫

R2
Gki (X ,Y )u(Y )dY ,

it follows that ∂2xi ,x j η ∈ C(R2). Therefore, u = ηq ∈ C2
0 (�), and so u is the solution

to (� + k2i )u = −w̃, where w̃ = −(� + k2i )u ∈ L2(�). Letting w be the extension
by zero of w̃ to D, we conclude that there exist w ∈ L2(D) such that u = K ∗w. It
also follows that ‖w‖L2(D) ≤ C‖ηq‖H2(D). Last, as R(K ) = N (K )⊥ = L2(D), we
may apply Theorem 8.4 in Ref. [18] and conclude that there exists some regularization
parameter λ such that our proposition holds. ��

Before we give the proof of Proposition 4, we need the following result.

Proposition 7 Let γ > 0 be such that Dγ is non-empty. Then, there is some constant
C > 0 depending on q, ε and γ such that

‖q − qε‖L1(Dγ ) ≤ C‖M − Mε‖L2(D).

Proof As |Mε| ≥ γ , we have

qε = uλ
δ

Mε

= Mq + ε̃

M + ε
= ε̃

M + ε
+ Mq

M + ε
.

Hence,

qε − q = q

( M
M + ε

− 1

)

+ ε̃

M + ε
= q

−ε

M + ε
+ ε̃

M + ε
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and so

|qε − q| ≤ ‖q‖∞
|ε|
γ

+ |ε̃|
γ

.

Integrating, we find

∫

Dγ

|qε − q|dX ≤ |D|1/2γ −1 (‖q‖∞‖ε‖L2(D) + ‖ε̃‖L2(D)

)

≤ |D|1/2γ −1

(

‖q‖∞ + C

√
‖u‖H2(D)

k2i

)

‖ε‖L2(D),

where we used the result from Proposition 6. Above |D| denotes the area of D. ��
We may now prove Proposition 4.

Proof of Proposition 4 Let kε = √|1 − qε|ki ≥ 0. As k ≥ 0, we have

(kε − k)2 ≤ |k2ε − k2| = k2i |qε − q|.

Recalling that dα (Definition 1) has Lipschitz constant Mμ+α,μ, we get

∫

Dγ

|dα(kε) − dα(k)|2dX ≤ M2
μ+α,μ

∫

Dγ

|kε − k|2dX

= k2i M
2
μ+α,μ

∫

Dγ

|qε − q|dX .

Writing dε
α = dα(kε) and using Proposition 7 and the upper bound from (6), we find

‖dε
α − dα‖L2(Dγ ) ≤ Cγ −1/2

(
3ki

α(α + μ)

)√
‖ε‖L2(D),

where the constant C satisfies

C =
(

|D|1/2
(

‖q‖∞ + C̃
√

‖qη‖H2(D)/k
2
i

))1/2

.

��
Derivation of estimates in Proposition 2 We first estimate the term ∇c

c . Computing the
gradient of the dispersion relation (4), we get

∇k

k
= −p(kd)

∇d

d
, with p(t)

tsech2(t)

tanh(t) + tsech2(t)
. (25)
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Next, we find that

�k

k
= (p(kd) − p2(kd))

|∇d|2
d2

+ p′(kd)kd(1 − p(kd))
|∇d|2
d2

+ p(kd)
�d

d
.(26)

Disregarding the constant term ω2/c0, we write c = g(kd)

k2
, where g(x) =

1
2

(
1 + 2x

sinh(2x)

)
. Then

∇c = −2g(kd)∇k + kg′(kd)(∇kd + k∇d)

k3

and so

∇c

c
= 2g(kd)∇k + k2dg′(kd)(∇k/k + ∇d/d)

g(kd)k

= ∇k

k
+ kdg′(kd)

g(kd)
(∇k/k + ∇d/d).

Consider now the function s(t) = t g
′(t)
g(t) . It is bounded and s(0) = limx→∞ s(x) = 0,

and numerical evaluation gives max |s(t)| ≤ 1/2. Similarly, |p(t)| ≤ 1/2, and by (25)
we get that

|∇c|
c

≤ |∇d|
2d

+ s(kd)
3|∇d|
2d

≤ 5|∇d|
4d

.

Next, we note that

�c1/2

c1/2
= −|∇c|2

4c2
+ �c

2c
.

For �c, we have

�c = k2�g

k4
− g�k2

k4
− 2k2∇c · ∇k2

k4
.

For the last term, we get

2k2∇c · ∇k2

k4c
= 4∇c · ∇k

kc
= 4∇c

c
· ∇k

k
≤ 5|∇d|2

2d2
.

For the second term, we find that

g�k2

k4c
= 2|∇k|2 + k�k

k2
≤ |∇d|2

d2
+ |�k|

k
,
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and for the first term

k2�g

k4c
= �g

g
= g′′

g
k2d2|∇k/k + ∇d/d|2 + g′

g
kd (�k/k + 2∇k · ∇d/kd + �d/d) .

Again, we have the coefficient s(kd) in front of the last term and with r(t) = g′′(t)
g(t) t

2,
we have r(kd) in front of the first. Similar analysis shows that |r(t)| < 11/10, and so

k2�g

k4c
≤ 3

|∇d|2
d2

+ 1

2
(�k/k + �d/d).

From the analogous analysis of Eq. (26), we get

|�k|
k

≤ 1

2

( |∇d|
d2

+ |�d|
d

)

.

Summing it all up, we find that

|�c1/2|
c1/2

≤ 4
|∇d|2
d2

+ 3

4

|�d|
d

.

We may now estimate ‖q‖∞:

k2i |q(X)| = k2i + |k̃2| = k2i + k2 + |�c1/2|
c1/2

≤ k2i + k2 + 4
|∇d|2
d2

+ 3

4

|�d|
d

.

By invoking mild-slope assumption, we have |∇d|2/d2 ≤ δ2k2, and so

k2i ‖q‖∞ ≤ k2i + (1 + 4δ)‖k‖2∞ + ‖�d/d‖∞. (27)

��
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